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KE®AAAIO 1

Ewoaymyn

H enelepyacio ynouokod onuotog eivor €vag Ttopéns g €MOTNUNG KO TNG
EPOPUOCUEVNG UNXOVIKNG ToL €xel avamtuybel ypiyopa Koatd n Oidpkewn TV
nmponyovpevav 30 eTdv. Avti N YpNyopT avantuén ivol amoTEAECLO TOV CUAVTIK®OV
TAEOVEKTNUATOV TNG TEYVOAOYIOG TOV YNOPOKAOV VTOAOYIOTMOV Kol TNG Propmyoviog
TOV OAOKANPOUEVOV KUKAOPATOV. Ot ynelokoi VTOAOYIGTEG KO TO. YNELOKA
KUKADUOTO TPV TPELS OEKAETIEG NTAV GYETIKA OYKMON Kot akpPd Kot Katd cuvEmeia n
XPNOTN TOVG TMEPLOPICTNKE GE EMOTNUOVIKOVS LITOAOYICHOVS KOl EQAPUOYES YEVIKNG
YPNONG, YOPIg ATOUTNOELS EKTEAEONG OE TTPaYUATIKO Ypdvo. H ypryopn avdémtuén oy
TEYVOLOYiDL OAOKANPOUEVOY KUKA®PATOV 7oL dpyloe amd tnv péon KAipakKo
ohokApwong (Medium Scale Integration) xou e€ehiybnke otnv peydin (Large Scale
Integration), kot toOpa TV TOAD peydAn kAipoko olokAnpwong (Very Large Scale
Integration) TtV MAEKTPOVIKOV KUKAOUATOV £xel odNYNoEL otV avamtuén mo
WOYLPOV, UIKPOTEP®V, YPNYOPOTEPMV KOl GTNVOTEPMY YNOLUKOV LTOAOYIGTOV Kot
EOIKELUEVOL YNOLaKoD eEomMAoHoD. AVTA Ta. PONVE Kot GYETIKA YpNyopo ymelokd
KUKADOUOTO KOTEGTNOOV OLVOATOV VO KOTOGKELOGTOOV 10104TEPO TTEPITAOKA YNOLOKA
CLOTNUOTA KOVA VO EKTEAEGOLV oOVOeTEG Acttovpyieg emefepyaciag Ynelokon
onpatog mov gival cvvnBmg dVGKOAD /Kol ThPa TOAD axpid va eKTELECTOLV Yo
OVOAOYIKG CTLOTO L€ GUCTHHOTO OVOAOYIK®OV KUKAOUATOV. QG €K TOVTOL TOALOL 0o
TOVG 6TOYOVG emeepynsiog CNUOTOS TOV EKTEAESTNKAY GUUPATIKE UE TO AVOAOYIKE
HEGO TTPOYHOTOTOlo0VTAL oNuepa omd Aydtepo okpifo kol ovyvd mo oElOTIoTO
ynowkd vAko. Avtd dev onuaivel 0Tt n emegepyacio ynelokod oNUoTog givar M
KATOAANAN AOon yuoo 6ha to mpoPAnuota emeepyaciog onpatos.. [a onuato pe
eEapeTikd peydio ebpog {mdvng 6mov amorteitonl | eneEepyacio 6e TPAYUATIKO XPpOVO,

N ovohoywkn emeéepyacio | N enegepyacia onTKOD ONUOTOG €lval 1 16OC 1 1OV
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mBov Avomn. Evtodtolg, o6mov ta ymoelokd kukAopato eivor dwbéoyuo Kot
TPOGPEPOVY  TKAVOTOMNTIKY TOXVTNTO TPOTIUOVTOL O0TL €lval @TnvoTEPO KOl TO
ocvotnuota mo agldmoTo Kot mopapeTpomomota. Ewdwkotepa, 0 VAIKO ynelokng
emeepyaciog emMTPENEL TNV EVOOUATOGN AOYIGHKOD OV UTOPEl VO TPOTOTOMGEL
€VKOAGTEPX TIG Asttovpyieg eneEepyaciag onpatog mov ekteAovviat. Katd cuvéngia 1o
YNEKO LMKO KOl TO GYETIKO AOYIoUIKO TTapEyovy Evav peyarutepo Babuod gveméiog
070 oYedcHd TV cvotnudtey. Erniong emttuyydvetal cuyvd axpifeia peyoldtepng
TAENG Le TO YNELoKO LAMKO KOt TO AOYIGHIKO £VOVTL TOV OVOAOYIKOV KUKAGUATOV Kot
TOV CLOTNUATOV emeCepyaciog avaroyikoy ofpatoc. o 6Aovg avtodg Tovg Adyoud,
vapée pa ekpnktikny avénon g Bewplog enelepyaciog Yyneokoy GNUOTOG KOl TOV

EPOPUOYDV TNG KOTA T SLAPKELN TOV TEAELTAIWV OEKAETUDV.
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KE®AAAIO 2
AWKPITA GNNOTO KOL GUGTI AT

2.1 Awukprtd onfpota

Aroxpito onuo | oNpo d1akpitod ypovov ovopdalovpe pio akolovdio Tpoypatikdy 1
pyodwkov tpov x(n), ne Z kar x(n) e C. To dwkprtd onua eivor dniadn pio
ocuvdptnon g onoiag n aveEdptnn petafAnt eivar aképoatog apBuog. v YEX n
aveEdptnn pHeTaPAnT) 1 ovopaleTol Kol «ypOvoS» oV Kol UTOPEL VO TOPIOTAVEL
GLVTIETAYUEVES XDOPOV, avgovteg aplBpovg k.o. Eva dwokptrtd onpa dev opileton yo
TIWEG TOL 1 oL Ogv eivar aképateg. H ypapikn moapdotacn evog 01okpitoh GNUHOTOS

ExeL TV pope1| mov deiyvetan oto Xy.2.1.1

10 T T T T

:_ ¢ 7 (FT ¢ OT T [, ﬂ?T
3 I ] 55 T° n

5
-10 -5 0 ] 10 15 20

Symua 2.1.1

Ta dwkpitd onuato mpoépyovior amd o) pHeyédn mov amd TN @OoM Tovg E&ival
apidunoa, m.y. £€60da avd nuépa, kKivinon ava opa, B) peyédn mov petafdirovion ce
oxéon He pio ovveyn uetaPAnt (ovveyn onuata) Votepa omd pio SodKacio
detypatonyioc. O mo cuvnOng tpdmog petatpomng £vOg AVOAOYIKOD CNUATOG GE
dwakptd elvan M weprodikn M| opotdpopen ostypotoinyio. Aappdvovtor deiypato Tov

ONUOTOG G JOOYIKES TIWEG NG aveaptntng petafAntc. Av n amndctacn VO
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drdoyik®V TV givor otabepn ion pe Ty Kot x,(f) n oLVAPTNON TNG GLVEXOVG
HETOPANTNG £, TO S10KPLTO G0 X(72) TPOKVTTEL OO T GYEOT

x(n)y=x,(n-T,) (2.1.1)

1
H mocomta f, = T Aéyetan pouog ostyuatoinyiog. H emhoyn kat@AANANG TIUNAG TOV

s
pLOuov derypatornyiog o e€etacbel apydTEpO GTO OYETIKO KEQPAAMLO.

Av éva ovveyéc M dokprtd onua malpvel TWEG amd Eva TEMEPASUEVOD TAN00VG
OUVOLO TIHAV, TOTE AEYETOL o7juo. O1aKpIT@Y Tiu@Y. M’ GAAa Adyla TO TEGIO TIUMV TOV
onuotog eivar éva oOvolo memepacuévovr mAnBove otoyeimv. ‘Eva dtokpitd onua
SKPLITOV TIH®V Aéyetal ynoetoko. ‘Eva ynelokd onpo Tenepacpuévoyr PnKovs pmopet
va amofnkevtel ot pvAun evOg ynelokov VIOAOYIoTH He akpifela 6on N kpdTEPT
amOoTOCT TOL LILAPYEL HeTall TV TYW®V Tov. H ynelomoinon pn ynookov onudtov
amontel TV derypoToANYia Tov eSOV OPIGHOD TOVE Kot TOV KPAVTIIGUO TOv TEdiov

TIUOV TOVS OTMC O d0VE O EMOUEVO KEPAAOLO.

2.1.1. Ogpe@on O10KPLTA G PHATO

AxoAo0Bmg Ba avagépovpe LepKd SL0KPLTE GNLOTO TOV XPNGLOTOLOVVTOL EVPEMG
omv ynowkn emneepyacio onuatov. Tétow eivor M dwaxpity kpovetiky won, M
Pryuoticy oxolovbia, n exbetikn oxolovbia, n pryadikn axoiovbio, n uovooiaio
ypoyuikn oxolovbio.
H odwaxpitn ovvaptnon oéita Y| drakpity kpovotikny won copPoriletar d(n) ko opileton
amnd TN oyEon

I yna n=0
o(n) = (2.1.1.1)
0 yia n#0

H ypagwn g mapdotaocn eaivetor oto Xy.2.1.1.1.

. . . . . . . .
1t 1 .
0sf -
06| -
04t -
0zt -
O & & & & & & & & &
-0 -5 5 -4 2 0 2 1 B B 10
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Yyua 2.1.1.1. H dwakpitn kpovotikny don o(n).
H pnuozirn oxolovbia copPorileton u(n) ko opileTon amd tn oyxéon

1 yna nz20
u(n) = (2.1.1.2)
0 na n<O0

H ypagwn g napdotacn eaivetor oto Xy.2.1.1.2.

1+ 1 4
08t .
06| .
044 .
02t .

D{‘ ot o o N

10 i F 4 i 0 2 4 B 5 10

Symua 2.1.1.2. H fnuotikn akoiovbia u(n).

H exOetixn axoiovbia opileton amd tn oyéon
x(ny=a",aeC (2.1.1.3)

H ypagpum ¢ mapdotaon yio S10popeTikés TIHEG TOL a, gaivetat oto Xy.2.1.1.3.

2 T T T T T
®ln
15 ¢ " -
1 O .
05} T T T 1
. 1 99 ¢ o
-2 0 2 4 B 8
(o) H exBetikn axoAiovbia yua 0=0.8.
3 T T T T T T T T
x(n) o
2 - .
1 ¢ T 1
L1 0]
-4 -3 -2 -1 0 1 2 3 4 5 b

(B) H exBetikn axorovbio yio a=1.2.

Ap.X. Ztpovboémovrog, e-mail: strch@teiser.gr




B

-10 -8 -6 -4 -2 a 2 4 B d 1d
(B) H exBetwkn axorovbia yio o=-1.2.

Zymua 2.1.1.3

R

[dwitepo evoapépov mapovotdlel 1 ekbBetikn akoiovdio 6tav a =e’”, w e R. Tote
ovopaletot pyadikn| ekbetikn akolovbio kot Bdcet g tavtotnTag tov Euler ioyvel n
oyxéon

Jjron

x(n)=e’" =cos(w-n)+ j-sin(w-n) (2.1.1.4)
H pyodwcéc exBetikég axolovbieg etvar m Paon g availvens Fourier mov Oa

TOPOVGLACOVUE GE AKOAOVOO KePAALO.

2.1.2. Audpkero, S10KPLTOV GRATOGC..

"Eva 010kp1td onpo AEYETOL TETEPATUEVOD UKOVS AV OL TILES TOL Undevilovtan yio
KéOe T Tov 7 MoV dgv avVNKEL GE €va mEmEPAGUEVO ddotnua [L,R], av dniadn
Kavomotleitat 1 yéon

x(n)=0,Vvne¢[L,R], LLReZ (2.1.2.1)
Y115 mheioteg TV meputdce®V X(L), x(R) £xovv un undevikég Tyéc. H éktaon N tov
dwotnuatoc [L,R] Aéyetor UnKog Tov GNHOTOG Kot eivat

N=R-L+1 (2.1.2.2)
Yfuoto mov dgv givol memepacpévoy pnkovg ovoudlovtor ameipov unkovs. ‘Eva

JLKPITO OO OTEIPOV UAKOVS AEYETOL OO JECLAS TAEVPAS OV IKOVOTIOLEL TN GYEoM
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x(n)=0,Vn<L (2.1.2.3)
KOl APLoTEPNG TAELPAG OV

x(n)=0,Vn>R (2.1.24)
Téhog, av éva dwokprtd onpa aneipov punrkovs oev givarl deEldg 1 aplotepng TAELPEG
Aéyeton aupinlevpo.

Ta memepacpévo PWAKOLG CNUATO Kot To ofpote 0eldg N aplotepng TAELPAG
UmopovV Vo, TEPLYPUPOVV OAYEPPIKA HE KATOAANAN YPNoN OLOKPITOV PNUOTIKOV
axorlovOidv. Av x(n) onuo aneipov pnkovg tote umopet va opiobel 10 menepacUEVOL

unkog onpa y(n) oto ddotnua [L,R] ¢ e&ng

y(n) = x(n)-[u(n— L) —u(n— R -1)] (2.1.2.5)
M

y(n) = x(n)-[u(n—L)-u(R —n)] (2.1.2.6)
To onua

y(n) = x(n)-u(n) (2.1.2.7)

elvan 0e&big mievpag pe y(n) =0,Vn <0

2.1.3. IIeprodikOTNTO SLOKPLTOV GNOTOG

"Eva ofjua Aéyetan meprodikd av vmapyet Betikdg axépatog N dote

x(n)=x(n+ N) (2.1.3.1)
O axéparog N Aéyeton mepiodog Tov onpotoc. Eivor mpogavég 0tL av N 1 mepiodog tov
onuatog, tote ot TES 2N, 3N ko kdbe Oetikd aképoto moAlamAdoio tov N givon
nepiodol Tov onuatog. H puxkpodtepn tun g meptddov ovoudletal mpawtedovoa
mepiodog. Av dev vrapyel Betikdg axépaog N dote va oyvel n oxéon (2.1.3.1), 10

onpa Aéyeton un meprooixo. Tapdderypo meptodikod dlokpitov GNHOTOC Eival TO N
x(n) = cos(z'?’Z 1) ue mepiodo N=5 (2.13.2)

[Mopaderypo un TePLodkov GNUATOS Elval TO

x(n)=a" -u(n) (2.1.3.3)

2.1.4. Zvppetpikd ofqpato

"Eva mpaypatikd dtakpttod onua x(n) Ayetal dptio av 1oyveL 1| oxéon
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x(—n)=x(n),VneZ (2.1.4.1)
H ypagpikn mapdotacn evog aptiov onpotog mapovuctdlel a&ovikn GLUUUETPIO O TPOG
tov Kk4Peto GEova. Do mapddetypo to ofpo x(n)=n’ eivor GpTIO pE YPAGLKH

TapacTaon Omwg paivetal oto Xy. 2.1.4.1.

1[“]':.-‘ T T T T T T T T ’:]
x(n)
a0 - T T =
0 T T (f (F' L T N 1] ﬁ) ? T T
-10 -8 -6 -4 2 ] 2 4 B g 1a

Xymua 2.1.4.1.

‘Eva mpaypatikd dokpttd onpa x(n) AEyeTon mepitro av 1GYVEL | GYEGN
x(—n)=-x(n),Yne Z (2.1.4.2)

H ypoown mopdotaon evoc meptttod 6NUOTOS TapoLGIALEL KEVIPIKT] GUUUETPIO G
TPOG TNV apyn Tov aEovav. ['a mapdderypo to onpa x(n)=n elvarl TEPITTO LE YPOPIKN

nopdotocn OTmg aivetor oto Xy. 2.1.4.2.

10 : . . . . : : : &

| 1]

7 e o ¢ 1 T T

SERRIRE _

105 y: r; y g 0 3 s 5 3 10
XyMua 2.1.4.2.

Ka0e mpaypatikd onjua pmopet va ypagel cav dBpoicua evoc ApTiov Kot EVOG TEPITTOV

onuatog. Ipdypatt av x.(n) dptio kot x.(n) meprrtd onua Bo mpémel vo 1GyvOVY o1

OYECELG
x(n)=x,(n)+x_(n) (2.1.4.3)
x(=n)=x,(-n)+x_(-n)= (2.1.4.4)
x(=n) = x, (1) = x,(-n)
And v npodcheon tov (2.1.4.3) ko (2.1.4.4) npoxdmtet 0T
10
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x(n)+ x(—n)

x,(n)= (2.1.4.6)
2
Ao v agaipeon tov (2.1.4.3) ko (2.1.4.4) mpokdmtel 611
x, (n) = X=X (2.14.7)

2

"‘Evar pryaducd Siaxpitd onpo x(7) Adyeton avlvyés ouUUETPIKO OV 1OYVEL 1) GYECT

x(-n)=x"(n),VneZ (2.1.4.8)

‘Eva piyadikd dwokpitd ofua x(n) Aéyeton  ovlvyés aviiovuuetpiko ov 16Y0EL M
oyéon

x(-n)=-x"(n),VneZ (2.1.4.9)
Kabe piyadikd onua pmopet va ypagpetl ocav aBpotopo evog cu{uyodc GUUUETPIKOD Kot
evog ovluyovg avtiovppetpikoy ofuatos. H amddeiln apnvetoar ®g Goknomn ctov

avayvVOOTI.

2.1.5. Avtiotpoor], oLicO1 61 Kol KMPIK®OGT 61 HaTOg

E4v oe éva onuo x(n) epoppochel £vag HETOGYNUOTIOHOG OTNV aveEdptn
petapnm n, f(n):Z — Z, apoximretl to onpa x(f(n)). Av f(n)=-n tote Aépe 611 10
onpa £yl VLootel aviarpopn Ko petacynuatiCeTor 6To onua

v(n)y=x(-n). (2.1.5.1)
H ypagpum mapdotoacn tov x(-7) ival GUUUETPIKY OC TPOS TOV KAOETO AEova e aVTHV
tov x(n) (Zx.2.1.5.1).

Av fin)=n-ny, 161 AéPe O6TL TO0 oMU €YEL VIOOTEL uetaromion n olicOnon kot ny
Kot petacynpartiCetal oto onpa

y(n)= x(n-nyp). (2.1.5.2)
H ypagwn mopdotacn tov x(n-ng) €TPOKLMTEL HE HETOTOMION TNG YPOUPIKNG
mopdoTaong Tov x(n) Katd 1y, otov opilovtio agova (Xy.2.1.5.2).

I'evikd, av epoappochel odicOnon evog onpatog Kot akoAoVOOS avVTIGTPOET TOV,
TPOKVTTEL SUPOPETIKO amOTEAEGHO OO OTL BOL TPOEKLTTE OO TNV EPAPUOYT] TPAOTA
AVTIGTPOPNS TOL Kot akoAoVOwg oAicOnong. Avtd eaivetar amd akdAovOeg oxéoelg

y(n)=x(n—ny) Az(n)=y(-n) = z(n) = x(-n—n,) (2.1.5.3)

y(n)=x(—n)Az(n)=y(n—-n,) = z(n) =x(-n+n,) (2.1.5.4)

11
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To anotérecpa Oa NTov 610 av 1 oAicOnon o¢ pio amd T1g 6V0 dadiKacies yivel katd

—Ny.
1D T T T T T T T T
e ()
5 4
T T T T T (F {F P99 0 90 aom &
10 - B 4 -2 1] 2 4 B g 10
1D T T T T T T T T
x(-n) o
5 4
g @ o @ O @ @9 ¢ F (P ? T T T T T
-10 - -B -4 -2 1] 2 4 B g 10
Symua 2.1.5.1
'4 T T T T T T T T
x(n]
a2t 4
o
O TT T??q}q}aomoo
=10 - b -4 -2 1] 2 4 b o 10
'd' T T T T T T T T
#(n-3)
2r o 7
N e e TTTT??I{P@**O
=10 o B 4 -2 1] 2 4 B g 10
ZyMuo 2.1.5.2.

Tehkd pe tic mpaéelg t1g oAloOnomng Kot g avtieTpoPng amd 10 apykd onua x(r)
TPOKVTTOVV Tl oNpata x(n-ny), x(n+ny), x(-n+ny), x(-n-np). Xto Xy.(2.1.5.3) deiyveron

&V TAPAOELYLOL TOV YPOPIKOV TOPUCTACE®V TOV CNUATOV OVTOV GE GYECT UE TNV

YPOPIKN TAPAGTACT) TOL X(72).

12
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Kiyaxwon voiotaton éva onua av f(n)=Mn 1 fin)=n/M, dnov M axéporog. Xtnv
TPOTN TEPITTO®ON TO O0KPITO ONUO AEUE OTL VIEGTY VTOJEIYUATOANWIO, KOl OTN

devtepn vrepoeryuoToinyio. Kotd tnv vmoderylotoAnyio TpoKOTTEL TO ONLAL

y(n)=x(Mn) (2.1.5.5)
KO KOTA TNV LIEPOEYHATOAN Y0 TO Gl
y(n)=x(n/M) av n/M € Z (2.1.5.6)

Mo tig un aképaieg Tég Tov TnAikov n/M to onua x(n/M) dev opileta.
210 Zy.2.1.5.4. deiyveton n YpaQIKY TOPAGTACT) DVITOOELYLATOANYING EVOG GT|LLOTOG.

4 T T T T T T T T T T T T T T T T T T T T T T T T T T T
x(n)

2t T —

] I R U N N (N (N Y U U (U (. N (U T I O U N N N Y R . Y Iy

1514 13121110 -9 -8 ¥ & -5 4 -3 -2 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

4 T T T T T T T T T T T T T T T T T T T T T T T T T T T
#(n-8)

2+ T .

0 I R R Y . . R . T N DR . . K R N R . N N . A (f P N oy

1514 14342111089 8 -7+ 6§ 5 4 -3 -2 A 1T 2 3 4 5 6 7 & 9 10 11 12 13 14 15

4 T T T T T T T T T T T T T T T T T T T T T T T T T T T
#(n+3)

2+ T .

0 I R R . N . N (f P R N R R N R . LR . . . . X . . Ty

1514 14342111089 8 -7 6§ 5 4 -3 -2 A 1 2 3 4 5 6 7 & 9 10 11 12 13 14 15

m
1
]
o
-
o
i
(N]
-
)
-
1=
wn

15 14 13 12 11 -10 -8 -4 1 2 4

4 T T T T T T T T T T T T T T T T T T T T T T T T T T T
i-n-8)

2+ T .

ol gt T . N . . - . (. N I . . . . . . - X I . =)

1514431211109 § 7 € 5 4 -3 -2 4 01 2 3 4 & 6 7 & 91011 1213 14 15

Zymua 2.1.5.3
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Symua 2.1.5.4

2.1.6. IIpacers O1uKPLTAOV ONUATOV.

Meto&d TV aKolovfidv VO JKPITOV CNUATOV UTOPOLV VO EKTEAEGTOVV Ol
Baocwég mpaelg petald TV TWOV TOVS MOV AVTIIGTOLYOVV oTnv 0o Ty g
aveEaptNNG HETAPANTNG Kot vor TpokLyeL pio véa akoAovBia mov Aéue Ot givon to
amotéAecpo TG TPAENG pHeTalh tov 000 apyikdv axolovbiwv. Etot opilovion ot

TPAEeLg Tov Paivovtal 6tov akdAovbo Tivako

[Tpdcbeon x(n)+ y(n)

Agaipeon x(n)- y(n)

[ToAAamAac1oG oG x(n)* y(n)

Awipeon x(n)/ y(n)
y(n)#0,VvneC

[Tivaxog 2.1.6.1.

2.1.7. Avaivon 610KpPLToU GI|NOTOS GE OLUKPLITESG KPOVOTIKES MGELS
H dwakpity don o(n) pmopel va ypnopomomOet yio tnv meptypar| evog d1okpiton

ONUOTOC COLPOVA LLE TN GYECSN
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o0

x(n) = Y x(k)-8(n-k) =

k=-0

—xX(=2)-0(n+2)+x(-1)-8(n+1) (2.1.7.1)

+x(0)-3(n)+x(-1)-8(n-1)+x(-2)-6(n-2)+---
ATO TV TOPATAVED GYECT UTOPOVUE VO, TEPAGOVUE GE SLOVUCUATIKY EPUNVEID TV
SKPLITAOV ONUATOV KOl TNG KPOLGTIKNG donG. Ag OewprGovpe TO TEMEPAGUEVOL
pkovg onpo x(n) pe pnkog N=3, n=0,1,2 (Ly=0, R=2) kou v dwavuoupatikn
TEPLYPOPT] TOV LE TOV TIVOKO GTHANG

x=[x(0), x(1), x(2)]". (2.1.7.2)
Yopeova pe v oxéon (2.1.7.1)

x(n) = ZZ: x(k)-d(n-k)=x(0)-8(n)+x(1)-6(n-1)+x(2)-5(n-2) (2.1.7.3)

k=0

['a n=0,1,2 01 8(n), d(n-1), 6(n-2) meprypA@ovTaLl SIOVOCUATIKA OO TOVS TIVOKES

oTNANG Og £&Nc:

I n=0
3(n)=40 n=1, nrotdovoopatikd 8¢=[1,0,0]",
0 n=2

0 n=0
n =1, frot Srvvoparikd §;=[0,1,0]", (2.1.7.4)
0 n=2

[S—

o(n-1)=

n=0
n =1, frot dravvopatcd 8,=[0,0,1]"
n=2

o(n-2)=

- o O

Amo 11g (2.1.7.2) ko (2.1.7.4) odnyoduacte oty ypaen TV akdAovBmv cyéoemv

1 0 0
X=[0[-x(0)+|1|-xD)+]0]-x(2)=8, -x(0)+d, - x(1)+9, - x(2) = - (2.175)
0 0 1
x(0) I 0 0} |x(0)
x=[6, & &,]|x®)[=|0 1 0[|x1)|=I-x (2.1.7.6)
x2)| |0 0 1||x2)

Awmotdvoope 0Tt vdpyel opowdtnro TV oyécewv (2.1.7.3) ko (2.1.7.5).

OewpdvTog ta 9, 61, 62 ®¢ Ta povadiaio dVOGHOTO 6TOV TPLedtdoTato Eviieidelo
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yopo (E*), 10 memepacpévo dtakprrd ofpa x(n) pe pikoc N=3 avoamopiotatar omd to

diavuopa X 0mwg paiveton oto Xy.2.1.7.1.

- I

oo
[

Zyfpa 2.1.7.1.

Ot cuvTeTayHEVEG TOV JOVOGHOTOG Eival ot TPoPoAég Tov ata povadiaio dtovdouato

09, 01, 02 KoL dtvovtol Ml TIG GYECGEIS TOV EGMTEPIKOV TOL YIVOUEVOL LE QLTE MG

aKoAovOmG
x(0) .

x(0)=8; -x=[1 0 0] x(1) |=1-x(0)+0-x(1)+0-x(2) = Y 8(k)-x(k) (2.1.7.7)
x(2) k=0
x(0) X

x1)=8-x=[0 1 0] x(1) |=0-x(0)+1-x(1)+0-x(2) = > 5(1-k) - x(k) (2.1.7.8)
x(2) k=
x(0) ,

x(2)=8;-x=[0 0 1]-| x(1) [=0-x(0)+0-x(1)+1-x(2) = Y 3(2-k)-x(k) (2.1.7.9)
x(2) k=0

Kot yevikd yro n=0,1,2
2
x(n)=98, -x= ZS(n -k)-x(k) =6(n)-x(0)+d(n-1)-x(1)+d(n-2)-x(2) (2.1.7.10)
k=0
[Tpoékvye dnAaon n oxéon (2.1.7.10) mwov eivou n 01 pe v (2.1.7.3)
210 TapAdEyra ovTd TO UNKOG TOV S10Kp1Tod ofuatog ival N=3 kot pe aplotepd
deiktn Ly=0 won de&10 Ry=2. Av o Ly mhpel ocoonmote pikpr| tiun ko Ry ocoonmorte

peyOAn umopolue movpe 0Tt KABe O10kpitd onpa givar ddvooua e éva YOPO e

16

Ap.X. Ztpovbdémovrog, e-mail: strch@teiser.gr



ocodnmote peydio mAnbog dactdoewv  (Gmepo  TANOOC  JCTACE®MV) KOt
ovvtetaypéveg (mpoPorés) ota  povadwio dwvoopata d(n-k) tic Tipég x(n) OmmG
eatvetal ko omd v (2.1.7.1). Ag onuelwdei axdun ot

0 aov m#n

ia(m-k)-ﬁ(n-k)=5;~an={l v m=n 2.7.1.11)
k=-w

ONAaON Ol KPOLOTIKEG OOKPITEG MOELG ¢ dtaviopata givor kabeta petad Toug pe
péTpo povada. Amotedodv oniadn pia opokavovikny PBdon. Ze enduevo Ke@dioio Ba
avagépovpe kot dAheg opBokavovikég kot opBopovadiaies faoelg kol Bo dovue v
avédivon tev SloKplt®v onuatov oe ovtés. H avdlvon avt agopd dideopovg
HETOGYNMOTIOUOVE O 0 dlakpltog petacynuaticpdg Fourier, o petaoymuatiopog

TOV OLVTN },llTéVOD K.O.

2.2. Avukprtd cveTipaTo

Ye moAAEG eQapuOYEG amd Eva daKkpltd onuo x(n) mpokvmTel Eva dokpttd ofua
y(n) ovppwve pe Kamowo aAyopOuo (capéc Kol TEMEPAGUEVO GUVOAO TPAEE®MV M
EVIOA®V ). XN ePInT®ON avT 0 aAyop1Bpog ovopaletal diaxpito ovotyua. To onua
x(n) Aéyeton onua €w6odov (input signal) 1 onua di€yepong (excitation signal) Tov
OLGTNOTOG Kot TO cvotnua y(n) onua €£6dov (output signal) 1 onua amdKPLoNg
(response signal) Tov cvotiuatog. Aépe akoun 0Tt To onuo x(n) petacynuotilerol
070 onpa y(n) Kot ovORALOVUE TO CUGTNUO UETATYHUATIONO (transformation) Tov x(n)
010 y(n). H yevikn pobnuotiky Ekppacn yia éva cootnua givot

y(m)=T[x(n)] 2.2.1)
6mov 10 ovpPoro T cvpPoriler o peTOoYNUATIOUO Kot GLUYVE ovopdleton Teleaths
(operator). To cuoTnUO AgtTovpYEl OC P ATEKOVIOT TOV TILMY TOL GNHATOG E1GOO0V
OTIG TWWEG TOV ONUATOS ££000V. H eptypapn g omekoviong Umopet va yivel ovaioyo
LE TN QUOM NG, LE YPNON OAYEPPIKADV TOPACTAGEWYV, TVAK®V ovTictoiynong (look up
tables) N1 evtoAdv. AkoAoHOMG avaEEPOVTAL YOPAKTNPICTIKA Y10 TOV TPOTOL OPIGHOD

TOVG, TOPAOELYLOTO GUGTNUAT®V.

A) aryeBpwd: y(n) = x[n]- sin(i—;[ n)

B) Mg zivaxa avtiotoiynong
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x(m) | y(n)
4 1

2 -1
-1 2.4
Alog | 0

I') INoa x pe pixog N, 10 y amoteleitor omd T1g TIHES TOV X TaStvounuéveg og eBivovca
oelpd. (aryopiBuog pbivovcag Ta&vounong).

"Eva cvompa d10ypoplatiké mopioTaveTol ¢ akoAov0wg

Ln)» T[x(n)] _y(f)
|
x(m) > y(n)

2.2.1. Awwovvogon cvoTNRATOV

Ortav 1 £€€0d0¢ evdg cvotnpatog amoteAel £16000 evog GAlov to Aépe OTL T 6VO

ocvotpata givol cuvoedepéva o oelpd.(Xy.2.2.1.1)

x(n)

— Ti[x(m)]

AN e il

Yyiauo 2.2.1.1

Otav ot €Eodor 000 cvommuatwv abpolctodhv T0TE Aéue OTL €)ovV GLVOEDEL

TopaAInAa (Xy.2.2.1.2)
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\ 4

Ty ()]
x(n) y(n)
T(m] |l

\ 4

Zymua 2.2.1.2

2.2.2. Mvijun S10KPLTOY GUGTHOTOG

2bvotnuo yowpic puviun AEYETOL TO CUOCTNUO TTOL Yoo kKABe TN ™G aveEdptnng
petaPANTG 1, N ££006¢ ToL y(n) e€aptdTor Lovo amd TV avtioToryn T TG 16600V
x(n) Kot Oyt Amd TPONYOVUEVES 1) EMOUEVES TIUES TNG 1. L€ OLUPOPETIKN TEPIMTMOOT TO
ocvotnpo Aéyeton abotyua pe uviun. o Tapddetypo o cOGTNUA OV JIVETOL Ao T
oyxéon

y(n)=2-x(n)+1 (2.2.2.1)
gtvon ovomnpa yopig pvnun. Avtifeta to cuotpate Tov divovral and TG GYEGELS

_ x(n)+x(n—-1)

y(n) 5 (2.2.2.2)
Kol
vy =Y x(n—k) (22.2.3)

elval ocvotquota pe pvnun. To ocbotnua mov meprypdoeton and tm oxéon (2.2.2.2)
Aépe Ot amoutel memepaousvny pviun. Aviifeta 10 GOGTNUO TOL TEPLYPAPETOL OO TN

oyxéon (2.2.2.3) Aéue 0tL amoutel amepiopioty pviuy.

2.2.3. ApetofAnToTNTO KOTA TN NETATOTLON

Auerafinro kora ™ petotomion cvotquo. (AKM, SI: Shift invariant) Aéyeton €va
oLGTNO TOV 0TOToL 1 ££000¢ e&opTdTol UOVO amd TO GNUA €GOS0V Kot Oyl Omd TNV
YPOVIKN] OTIyU] mov owtd eonAle oto ocvotnuo. Aniadn, av 1 €icodog x(n)
kabvotepnoet Kotd ny, 10tE M £€E000¢ Ba givar M y(n) KaBvotepnuévn Katd .

MoOnpatikd avtd ekppdletor og akorovbwe. 'Eotw 0t1 To chotua divetanr amd

oyxéon
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y(n) =T[x(n)] (2.2.3.1)

1N oAoOnuévn gicodog eivat

x, (n)=x(n-n;) (2.2.3.2)
ka1 M avtictoyn £€£0d0g

Yy, () =T(x, (m)]=T[x(n—n,)] (2.2.3.3)
To cvotua 77.] elvar xpovikd apetdfANTO KATA TN LETATOTION OV

Vo, (1) = y(n—ny) (2.2.3.4)

Aniodn 1o cvomua 77.] elvar xpovikd opeTAPANTO KOTAE TN UETATOTION OV 1GYVEL M
oyxéon:

y(n—ny)=T[x(n—n,)] (2.2.3.5)

H mponyovuevn oyxéon (2.2.3.5) iocwg dnovpyel 6to avayvodotn v aicinon ot
npéneL vo. aAnBevel mhvtote agov mpokvmtel amd Vv (2.2.3.3), av 0écel 6mov n TV
mocOTNTO N-ng. Avtd Ba tav aAnbéc av o tedeotg T mepiEypape pion cuvAPTNON UE
povaodikn aveEdptnn petofant) myv x(n). Avtd Opwmg dev ovpPaivel 6N yeEVIKY
nepintowon. Ag dodue mapadeiypota ypovikd apetdfintov 1 petoaforliopevov kotd
TN UETATOTION GLGTNUATOV.

Hoapddsrypao (I1.2.2.3.1)

"Eoto 10 cvotpa mov divetat and ) oyéon

y(n) =K -x(n) (2.2.3.6)
Kol TEPLypdeel €va evioyvut) TAGToug pe ké€pdog K mov pével otabepd katd ™
dlapkela Aettovpyiog Tov.
INo v petatomopévn eicodo

x,, (n) =x(n—ny) (2.2.3.7)
N avtiotoymn ££0dog ivat

YV, ()=K-x, (n)=K-x(n—n) (2.2.3.8)
H y[n] petatomopévn katd ny divetar amd ) oxéon

y(n—n,)=K-x(n—n) (2.2.3.9)
Ano mg  (2.2.3.8) xor (2.2.3.9) mpoxkvmter ott y(n—n,)=T[x(n—n,)] dapa T0
cvoTnua ivat ypovikd apetdpfinto.

Hoapdaderyuo (I11.2.2.3.2)
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‘Eocto 611 otov evioyut] tov mponyobuevoy mopadelypotoc 1o képdog K
petafdiretor Adym Svorertovpyiog (vmepBéppavon) ovpeove pe TN oxéoN
K(n)=0.9".To cbomua Ba divetar and ) oyéon

y(n)=0.9"-x(n) (2.2.3.10)
[No v petatomiopévn eicodo

x, (n) =x(n—n,) (2.2.3.11)
N avtiotoym ££0dog ivat

Y, (n)=09""-x, (n)=0.9""-x(n-n,) (2.2.3.12)
H y[n] petaromopévn katd ny diveton omd tn oyxéon

y(n—-ny)=09"" . x(n—-n,) (2.2.3.13)
And 1g (2.2.3.12) xon (2.2.3.13) mpoxbdmtel 0t y(n—n,) # T[x(n—n,)] apo to

ovoTNHO Eival XPoVIKA LETARBOAAOUEVO.

Hopdodstypo (11.2.2.3.3)
"Eocto to svotua mov divetar amd ) oxéon

y(n) =x(-n) (2.2.3.14)

[Ma v petatomopuévn icodo

x, (n)=x(n-ny) (2.2.3.15)
N avtictoymn ££0dog eivat

Y, () =x, (=n) =x(-n—n,) (2.2.3.16)
H y[n] petatomopévn katd ny divetar amd ) oyxéon

y(n—ny)=x(—(n—ny))=x(-n+n,) (2.2.3.17)
Ano mig (2.2.3.16) xou (2.2.3.17) mpokdmter 01t y(n—n,) # T[x(n—n,)] apa 10

cvoTnUa ivat Ypovika LeTaPaAALOUEVO.

2.2.4. I'pappikétnro

‘Eva. svotpa Aéyeton ypoppkd av yio autd 16x00VV Ol WOTNTEG TNG OUOYEVELAS
Kot g emadiniiog. H apynq g opoyévelag oyvel yuo éva dokpttd cOGTHHO OTOV
1oYvEL | aKOAOVON oYéon

T[c-x(n)]=c-T[x(n)] (2.2.4.1)

21

Ap.X. Ztpovbodémovrog, e-mail: strch@teiser.gr



Omov ¢ gtvar yevikd pryadikn otobepd

H apyn ¢ emaAiniiog woyvet yuo éva cOGTNIA OTOV 1oYOEL 1| GYEOT

TTx,(n) +x,(n)] =T[x,(n)]+ T[x,(n)] (2.2.4.2)
H ypoppuxdtto €vOg GLGTAIOTOG UTOPEL VO TEPTYPAPEL Pe pio LOBMUOTIKY oXEoN MG
aKoAovOmC

Tle, - x,(n)+c, -x,(n)]=c, -T[x,(n)]+c, -T[x,(n)] (2.2.4.3)

Hopddstypao (I1.2.2.4.1)

"Eoto 10 s0otpa mov divetan and t oyéon

() =S [+(0n) + x(- 1) (224.4)
Tlc-x(n)]= %[c -x(n)+c-x(n—1)] (2.2.4.5)
c-T[x(n)]=c %[x(n) +x(n—-1)]= %[c -x(n)+c-x(n—1)] (2.2.4.6)

Ao 11 (2.2.4.5) ko (2.2.4.6) émetan OtT1 TO GOOTNUO EXEL TNV 1O1OTNTO TNG OUOYEVELNG.

Tx,(n)+x,(n)] = %[x1 (n)+x,(n)+x,(n=D)+x,(n-1)] (2.2.4.7)
Tumm+n@mn:gamwwmwnh%uxm+@m—m=

%[x1 (n)+x,(n)+x,(n=1)+x,(n-1)] (2.2.4.8)

Ao 11 (2.2.4.7) ko (2.2.4.8) €metan 6t1 TO0 cVLGTNUO EXEL TNV 1O1OTNTA TS EXAAANALOC.

Agdopévou 0Tt 1oYHoLVV 1) OLOYEVELL KO 1] ETOAANALN TO cVGTUA Elvat YPOLpKO.

Hopdaderyuo (I1.2.2.4.2)

"Eoto 10 s0otpa mov divetan and t oyéon

y(n)=x(n)+1 (2.2.4.9)
T[c-x(n)]=c-x(n)+1 (2.2.4.10)
c-Tlx(n)]=c-[x(n)+1)]=c-x(n)+c (2.2.4.11)

Amo 115 (2.2.4.10) won (2.2.4.11) €metor 0TL TO cVLOTNUO OEV £YEL TNV 1O1OTNTA TNG
OMOYEVELOG.

Tlx,(n)+x,(n)]=x,(n)+x,(n)+1 (2.2.4.12)
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Tlx,(n)]+T[x,(n)]=x,(n)+1+x,(n) +1=x,(n) + x,(n)+2 (2.2.4.13)
Amo 115 (2.2.4.12) won (2.2.4.13) énetor OTL TO cLOTNUO OEV £YEL TNV 1O10TNTO TNG
emaAnAioc. Agdopévou Ot dev 1GYVOLY N opoYéveld Kal 1 EmaAANAia TO cOGTNHA
glvar dgv yYpoppko.

Evkola pmopet va derybei 6T1 éva cOGTNO TG LOPPONC
K

y(n)=Y a, -x(n—k) (2.2.4.13)
k=0

Omov 0y otafepodg 0pog eival yYpopukd kot apetdfinto katd v petatoémion. o
napadelypo to ovomuo y(n)=2-x(n)—-3-x(n—2) eivan LTL Tpoppikd xo
apeTAPANTO KOTd TNV peTatdmon eivor eniong Eva cOGTNUO TTOV TEPTYPAPETOL OO [
e&lomaon dpopav TG LOPPTS
A K
> B, y(n-2A)=>a, -x(n—k) (2.2.4.14)
=0 k=0
INa TOPASELYLLOL T0 cLOTN O oL Kavomotel mv oyéon

y(n)—2y(n—1)=x(n)—-3.5-x(n—-2)etvon LTIL. Edv oto apiotepd pépog g 2.2.4.14

Kpatcovpe pdvo tov 0po y(n) 1 akdrovdn oyéon meprypdoet éva cvotnua LTI

y(n) = Zak x(n—k) —Zﬂ; y(n—=2A), B, = % (2.2.4.15)

To cvomua y(n) =x(n)—3.5-x(n—-2)+2- y(n—1) etvon LTI
Ovoyéoelc 2.2.4.14 kar 2.2..4.15 amoteAovVv £vol avadPOULKO TPOTO TEPLYPAPNG TOV

CUCTNULATWOV.

2.2.5 Armotnta
‘Eva. cvotpa Aéyeton artioro av n Tiun g €£060ov y(n) eEaptdror omd v TN
x(7) TOL GNUOTOC EIGOOOV KoL EVOEYOUEVMG TPOTNYOVUEVES TG TIES X(11-k), k LOIKOG

ap1OpoG. APOPETIKA TO CUGTNHO AEYETOL U 0UTIATO | AVTLaLTIOTO. 110 TOpAdELY Ol TO

ocvomua  y(n) = %[x(n) +x(n—=1)] elvar ortotd.  Avtibeta 10 chotnua

1
y(n):g[x(n)+x(n+l)] elvar pun outwetd. To ottetd cvotipote KOAOOVTOL un

apofiéyiua. Otav 1 petafAnm n apopd Tov mpayuatikd ypovo (real time) to

23

Ap.X. Ztpovbodémovrog, e-mail: strch@teiser.gr



cvotnpo gival Hovo auTatd ooV Ol TIHES TNG €1G000V UETA TN TPEXOVCA YPOVIKN
otiyun eivarl dyvootec. Eqv ouwg n petafAnt n agopd tov yopo ( 0écelg pviung,
avéovteg apBuove k.A.m.) givor duvatd 10 cHOTNUO Vo givor oLTIATO 1 OVTIONTIOTO.
"Eva cbomua eneEepyaciog nyoonpatog o mpaypatikd ypdvo givar povo aitiotd. 'Eva
oLGTNHO TOL OToONKEVEL TIG TYES EVOG NYOCTHOTOS Kot aKoAoVOwG Tig emelepydletan

umopet va givor ontiotd 1 pun.

2.2.6. Evota0gio gpaypévng e16000v-@paypévieg €£600v

‘Eva ovotnuo Aéyeton OTL givol evotabdés vmwo ™y EVvoia THS PPOYUEVIS E1GOOOD-
ppoayuévns £000v, av Y. OMOUONTOTE OITOAVTMG PPAYUEVO GO 16000V TO G
€€000v eivar kot ovTd AmToADTOG PPayUEVO. AnAadn Yo omotodNmoTe X (7)

A eR:|x(n) < A,VneZ=3BeR:|T[x(n)]|<B,VneZ (2.2.6.1)

10 cvotnpa 71.] eivar evotabéc Ppaypévng 16030V-PpayreEvNS €£600V.

2.2.7. Avtiotpéyipo 6uoTHROTO

‘Eva cOotnpa AEyeTon avTioTpEYIIO oV UTopel va TpocdloploTel LOVadIKG TO Gruo

€10000V amd to onua eE600ov. I'a va supPaivel avtd Ba mpémetl va 1oydeL | cuVONKN

yi(n) # y,(n) = x,(n) # x,(n) (2.2.7.1)

2.2.8. ATOKPLIO1] GUGTIHATOS GE KPOVGTIKI OLEYEPGT], TO GUVEMKTIKO
adpowopa
Tnv 5000 €vOg cuotuatog O6tav €6000G TOL €ivol 1 OKPLTH KPOLGTIKY (ON
OTTOKOAOVUE OTOKPLON O KPOVOTIKH J1EYEPTH Kal TV cvuPoAilovpe g h(n)
h(n) =T[(6(n)] (2.2.8.1)
‘Eoto 10 ypappikd aveEdptnto katd v petatomon (Linear Sift Invariant: LSI 7
aAlwg Linear Time Invariant: LTI) cvotpa 7. Zopeova pe t oyéon (2.1.7.1) n

££000¢ 10V GuoTHHOTOS Ba Elvar
y(n)=T[x(n)]=T[ Z.O:x(k) -0(n-k)] (2.2.8.2)

Ene1dm 10 cvotpa eivor ypappkd oyvet n apyn e ETOAANAMOG Kot TNG OLOYEVELOG

KOl G €K TOVTOL
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y(n)=T[ ix(k) -8(n-k)] = iT[x(k) 8(n-k)] = (2.2.8.3)

o]

Yy =S x(k)-T[3(n-K)] = (2.2.8.4)
Yy = x(k) by () (22.8.5)

Av 10 choTua glvar aveEAPTNTO KATH TNV LETATOTION TOTE
h,(n)=h(n—-k) (2.2.8.6)
Anod Tig oyéoerg 2.2.8.5 ko 2.2.8.6 cvvemdyetar 01t M €£000G €VOC YPOAUUIKOD

aveEApTNTO KATA TN HETATOTIOT CLGTNUOTOGC GE OTOONTTOTE €10000 X(71), divetal amd

N oYEoN
y(n) = ix(k) -h(n—k) (2.2.8.7)

H oyéon 2.2.8.7 Aéyeton kol cuveAIKTIKO AOpoiGHa TV aKoAoVOLOVY X(7), Kou A(n)
levikd, ywn 000 axoAovBieg x(n), wor y(n) 10 CLVEMKTIKO GBpolcUA TOVG

ovpPoiiletar x(n)* y(n) M {x* y}(n) Kot diveton omd tn oyxéon

x(m) * y(n) ={x * yi(n)= _Zw:X(k)-y(n—k) (2.2.8.8)

2UyvA YPNCLULOTOLEITOL 1| OVOLOGIO CUVEAIEN TV SLOKPITMOV CNUATOV EVVOMVTOG TO
oLVEMKTIKO GBpotopa. And t oxéon 2.2.8.7 cvopnepaivovpe 0Tt av yvopilovpe v
amoOKPIoN GE KPOLOTIKN d€yepon evog cuotnuatog LTI, umopovpe vo vwoloyicovpue
™V €£006 10V 6¢ omoladNmOTE £16000 0d TN TYEom
y(n)=x(n)+ h(n) (2.8.8.9)

['o to AOyo avtd Aépe OTL N amOKPLoT 6 KPOLOTIKY O1€yepom evog cvotnuatog LTI
10 mpocdopilel mMApwG. AmO TV amdkplon o€ KPovoTikn Oyepon evog LTI
CULGTNUOTOG EAEYYETOL 1] CUTIOTNTO KOl 1) €VOTAOELR TOV. XvyKekpEva apod og €val
atatd cvotnua 1 €£0doc dev egaptdtal amd TES TIG 16000V TOV AKOAOVOOVV TNV
TN x(n) TOTE M AMOKPICT] TOV GE KPOLGTIKN O1€yepon eivar Eva onpoar de&10g TAEVPAG
ot dev e€aptdrtar omd Tég d(n+ng), ne>0. 'Eva cvomua LTI pe andkpion oe

KkpovoTikn di€yepon A(n) eivan evotabég BIBO av 1oyvel n cuvOnkm

0

D |hn) e R (2.8.8.10)

n=-w
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Amooeln
INo kéBe ppaypévo onjua 10600V x(n) woyvel 6TiI4 € R : |x(n)| <ANneZ.Av h(n)n

amoKplon oe KpovoTikn otéyepon evog LTI ocvomuoatog v v €6006 tov y(n) Ba

oyveL 0Tl

|y(n)| = ih(k) -x(n—k)| < i|h(k) -x(n— k)| = i|h(k)| -|x(n - k)| <
L o e 2.8.8.11)
D k)| - A=4-"|h(k)

Apa yia va etvor BIBO gvotabéc to oot tpénet kot apkel va woydet 1 (2.8.8.10).

2.2.9.1510tTES TNG GVVEMENS OLOKPLTOV CNUATOV
H ocvuvéhén 600 axolovbidv givar po Tpdén (tereotng) peta&h dvo akoAovBumyv.
Etvor ypoppikdc tedeotng kot €xet TNV OVTIUETAOETIKY], TPOCOITEPIOTIKY KoL

EMUEPLOTIKN ®G TNV TPdSheon 1310t TO.

H avtyetabetikn 016t to

x(n)* y(n) = y(n)* x(n) (2.2.9.1)
Amddeitn
x(n)* y(n) = ix(k) -y(n—k), 0étoviag m=n-k (2.2.9.2)

—00

x(m) % y(n) = 3 x(n—m)- ym) = 3 y(m) - x(n—m) = y(n)* x(n) (2.2.9.3)

m=o0

H npocetarpiotikn 016t ta

[x(n) * y(m)]* z(n) = x(n) * [ y(n) * z(n)] (2.29.4)
H omddeiEn yivetar pe KatdAANAN ovTIKOTACTOOT TOV OEIKTOV KOl OPVETOL MG
doknon otov avayvootn. Av 600 ovomiuoto LTI pe amoxpioelg KpovoTikng
Oéyepong hy(n) ko hy(n) etvar cuVOEdEUEVA GE GEPE, 1 TPOGETALPIGTIKT 1O10TNTA EXEL
o0V OTOTEAEGU TOL OVO GUGTHUOTO VO LIGOSVVOLOVY LE €va. GUGTNIO LE KPOVGTIKN

anokpion h(n)= hi(n)« hy(n)

H empeprotikn 101610 ©G TpOg v Tpodcheon
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x(n) *[y(n)]+ z(n)] = x(n) * y(n) + x(n) * z(n) (2.2.9.5)
H anddeién aprvetar o¢ doknon otov avoayvootn. Av 60o cvotiuoata LTI pe
OmOKPIoELS KPOVOTIKNG O1€yepong hi(n) ko hx(n) elval cvuvoedepéva TapdAAnia,
EMUEPLOTIKN WOIOTNTA EYEL GOV ATOTEAEGLOL TOL JVO GLUGTNULATA VO LIGOOVVAUOVV LE €V,

OUGTNUO LE KPOVOTIKTY andkpion A(n)= hi(n)+ hy(n)

2.2.10. Tpomor vroAoYIGpHoU TG GVVEMENGS OLOKPLTOV G UATOV

O vroAoyiopdc g cLVEMENG dV0 akoAovBudY mov opilovtot alyefpukd pmopel va
yiver pe ypnomn TovToTRTOV 7oL aeopovv abpoicupata Opwv kol Oplo. GUYKAONG
aKoAoLOIDV OGS 6T aKkOAOVON TapadETYLOTOL
Noa vroAoyieBel 1) cuvEMEN u(n)« u(n-np)

u(n)*u(n—ny)=u(n—ny)*u(n)= iu(k—no)-u(n—k) = (2.2.10.1)

k=—0

u(n)*u(n—n;) = Zn:l:n—n0 +1

k=n,

No vroroyisbei n cuvéMéEn [a"u(n)]*u(n), a =1

(" u(m]*u(m) = Y a ulk)-u(n k)= a* =
o 0 (2.2.10.2)

l_an+l
a’+a' +a*+..+a" =l+a+a*+..+a" =

l1-a

Av x(n) kou y(n) onpoto pe nenepacpéva pnkn Ny kot Ny, ota Stostipoto [Ly, Ry] kot

[Ly, Ry] avtioTtotya n cuvEAMEN Toug Ba elvan

X%y = Y (0) yn k) pz

L, <k<R, (22.10.3)
Kot
L,<n-k<R, = (22.10.4)
R, +n<k<L, +n (2.2.10.5)

Ao 11¢ oyéoelg (2.2.10.3) xou (2.2.10.4) mpoxvmrel pe mpdsbeon kotd e 0Tt
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L +L <n<R +R, (2.2.10.6)

Kot

max(L,,n—R )<k <min(R_,n—L)) (2.2.10.7)

YUVEn®MG 10 amotéAecua NG cLVEMENS TV dVo onudtov Bo sivor éva onua pe

nenepacuévo unkog N=N,+N,-1 oto dwotpa [L,+ Ly, Rt R,] Ko tipég

. x(n)*y(n) = min(%—;&) -y(n—k) (2.2.10.8)
k=max(Lx.n—Ry)

INa v extéheon G OLVEMENG ONUATOV TETEPUCUEVOL  UNAKOVLE  TTOV
TEPLYPAPOVTAL OO TIC apOUNTIKEG TIEG TOVG, OPYOVAOVOLUE TOVLS LITOAOYIGHOVG,
YPapOVTaG 0pYKA TO GUATO OTI®G  AmOTEL 0 OPIGUAC TOV GLVEMKTIKOD 0fpoicaTOC
v k60e T Tov n oto ddotua [Lt L, R+ R)] xar axkoAovBwg ektehodpe TIG
npdcetc. o mapaderypo av x=[2 1 3 4] pe L,=0 xon y=[1 2 -1] pe L,=0 ot tipég tmv
petafAntav nk kol tov onuatwv x(n) kol y(n-k) eaivovtor otov Iv.2.2.10.1, tov
omoiov Ol YPOUUUOGKLOUGUEVES TEPLOYEG TTEPLEXOVV TIG TILEG EKTEAEOG TPAEEWV Y10l TOV
vroAoyiopd g ovvéMENG. H okiaouévn meployn mepiéyet ta yivopeva pe mopdyovieg
OAOVG TOVG GLVOLAGHOVE AVA SO, TOV TILAOV TOV 000 CNUATOV. ATO QVTEG TIG TYEG N
dwdikacio g oAicOnomg xabopiler moia ywouevo Ba ypnowomomBodv oTO
VTOAOYIGUO TOV GUVEMKTIKOV afpoicpatog yio kébe Ty g axéporag PetafAntig »

H dwdwaocio propel va copntuydel dnwg eaivetar otov [Tv.2.2.10.2.

k 4 3 210 1 2 3 4 5

xk) 0 0 0 ol2[1[3[4]0 o
N y(n-k) {x+y}(n)
1 y-1% 0 -1 2 1 0 0 0 0 0 0 00 0
0lwk o0 o -1 2[tJofJofo]o o 21 2
I]y1ky 0 0 0o -1]2[1]of0o |0 0 22+11 5
20y2k 0 0 0 0 [-1[2]1]0|0 0 2(-1)+21+31 3
30y3k 0 0 0 010 [-1]2[1]0 0 1(1)+32+41 9
4 0y@4k) 0 0 0 00 [0 [-1[2]1 0 3(1)42 5
5054k 0 0 0 01]0[0]0[-1|2 1 41 4
6 w6k 0 0 0 0 0 0 0 0 -1 2 00 0
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KE®AAAIO 3

Iepl pETAOYNUOTICUAOV ONUATOV OLEKPLTOV

LPOVOU.

3.1 Ewoayoyn

Ymapyer éva mAN00¢ LETOGYNUOTICUOV TOL YPNGILOTOIOVVTIOL GTNV AVAAVCT TV
ONUATOV Kol TV cvotnpatov. Ot o Bacwkol lva, o uetaoynuationos Fourier kot o
uetaoynuotionds Z. AAMol petacynuoticpoi etvar avtol Tov  GuVNUTOVOL TOL
nuutovov, o Sort Time Fourier Transform wxou ta xoupatidw (wavelets). Ot
petooynuotiopol Fourier, mutévov kot cuvnuitdvov, eival UHETOGYNUATIOUOT TV
dwkprtdv onuatov ce opbokavovikég kol opBopovadiaicg Pdosg Yndpyet miodoia
BAoypagpio Yo TOV OPIGUO TOV UETACYNUOTICUAOV OLTOV Kol TNV OLCTNPY
ponuatiky tovg dtepedivinon. Edd OBa eotidoovpe oty gpunveion ToOVG  OOTE va
BonOnbel o avayvdotng vo avTiAneOel YeE®UETPIKA Kot TOPASTATIKA TNV PACTKY] 10€a
and 11 ovvnoelg padnuatikég ekppdoelg tovg. Avtd Ba Bonbnoetl onuoavtikd oty
dUVaTOTNTA TOL VO KATOVONGEL TNV YPNON TOV UETACYNLUATICUAV QVTAOV GE OAPopo.
nedia (oxedlacrdc PIATp®V, copumieon) KabdS Kot Vo TPOYWPNCEL TNV KOTAVONOT TG

@OoNC Mo CVLVOETOV PHETOCYNUOTICUOV OTTMOC TO. KUUUOTIOW

3.2 Epunveio HETOUGYNUATICUAV UE OLOVUGUOTIKT] avdAvon.

Ag vroBéocovpe Aomdv yio Adyovg amAOTNTAG Kol Yo Voo £(OVUE TN dvvoTdTTO
YEOUETPIKNG OVOTOPAOTAONC, TO OGN0 pe TEMEPAGHEVO pnKog N=2 (Zx.3.2.1) ko
npaypotikeg Ties x[0], x[1].
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X@daipa!
Xlﬁl AT T X
“91 E
u, 0, '
Xl
Zxnuo 3.2.1

To Gvooua X pe ovvietayuéves (Xo, X1) pe xo=x[0], x;=x[1], ypboeton pe v
GAyeppo TV avLCUATOV GOUP®VA LE TOV KOVOVO TOV TOPUAANAOYPEUILOV (G

(3.2.1) x=x,u, +x,U,
o6mov U, kot u, avoopoto Kabeta Hetahd Toug He PNKOG T HOVASO KOl GUVTETAYHEVEG
(1,0) ko (0,1) avtictorya oto opBoydvio cvotua advav mov opilovv. Ereion ta
U, Kol u, givor kGOeta petald Tovg 0 Kavévas Tov moparinioypdppov £xer ©g
aoTELEG IO OL TIHES X KOL X va. Eival ot TPoPforéc Tov X 6 avtd. Akéun, emelon
TO U, KOl U, £(00v PETPo TN MOVASW, 0L GUVTETAYMEVES X, X| OivovTol 0o TIg
oyéoeig:

(3.2.2) x0=| X |cos(0g) ko x;= | X |cos(0;)
YrevOopiletatl 6Tt yio T0 €6MTEPIKO YIVOUEVO TOV AVUGUATOV X (X0,X1) Kot ¥ (Yo,Y1)
oY 0EL

(3.2.3)% -y =x|-|y|cos(8) = x,y, +x,y,.
Emedn ta u, kot u, €govv pétpo ) povada (povadiaio ovicpata) oydet:

(324) x,=X-u, ko1 X, =X-U,

Zehyn KAtV SOVOGUATOV HE HUNKOG LOVAdO VITAPYOLV ameipov TANBovs, Yo

TOPAOELYILOL TOL:
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Vi fa) - Vi V) V98 S (204 Y oot

Xlﬁl Y U 7 )\(
é 1
. AN
1 .
. ! Co8o
1
’ )
’ :
— 1
C8i % u4 :
7, |
AV AN
u, X,u,
ZyMua 3.2.2.

‘Eoto g,(Zoo, Zo1) Kot g,(gi0, gi1) davdopota Kabeto peTald TOVG HE UNKOG
povada £kaoto omwg oeiyvel to Xy.3.3.2. To dvououa X ypdeetor cav a0poicua

(3.2.5)x=c,g, +c,g,
omov co Ko ¢; ot TpoPforég Tov Xota g, Kol g,. Emedn ta g ko g, givor kabeta
ReTAED TOVG 0 KAVOVOG TOV TOPUAAAOYPALIOV £XElL MG ATOTEALEGNE OL TIUES Co, C)
va givan o1 TpoPoréc Tov X 6’ ovTd. AKOp, ENEON TO g KoL g, £X0UV PETPO T
Lovada, o1 GUVTETAYUEVES Co, ) divovTor améd TS oyéoeig:

(3.2.6)c, =X-g, kau ¢, =X-g,
Avtikofiotdvrag to X = XU, + X,u, oand v (1.1) ot (1.6)

(3.2.7)cy = (XU, +X,U,)E, =X U,8, +X,U,8) =X,80 +X,E01
Kol ov  ypnowomomcovpe Vv ypaen Xe=x[0] wor goo=go[0], gni=go[l] mov
YPNOLOTOIEITOL GTO OTHLATA OLOKPLTOV YPOVOV.

(3.2.8)c, = NZ_;x[n]go[n]

Opota Eyovpe

(329)¢, = Y x[nlg,[n]
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I'o va vrohoyicovpe ta x[0], x[1] amd ta ¢ , ¢ avikadioTovpe and TV oyxéon
(3.2.5)t0 X=c,g, +c¢,g, ong(l.4) x, =X-u, kot X, =X-U, onoOTE

(3.2.10)x, = (o8 +¢,8,) Uy = C8yliy +C,8 Uy =CoZgy +¢,2)0
Kol av  ypnowomotoovpe v ypoen Xe=x[0] wor goo=go[0], gi0=gi[0] mov

YPNOCLOTOIEITOL GTO CLLOTA SLAKPLTOD YPOHVOL

z

-1

(3.2.1)x[0] = ¥ c,g,[0]

0

~
Il

Opowa éxovpe

(3.2.12) x[1] = Eckgk[l]

3.3 Epunveio peTasyMROTICRAOV NE YPORUIKT AAyEPpa

H mepypaen 100 oNpotog pe  SLOVOCUOTIKY  OVOTOPAOTOCN, YPOET Kot
VTOAOYIGHOVG, Umopel va yivel pe v ypfon e YPUUUKNS GAyefpoc mov amoteAet
e€opetikd epyoreio yio To oNUATO SLOKPLTOV XPOVOVL, XWPIG TV TEPLOPICUO TOV

(PLGIKOD YDPOL TWV AVUCUATOV

Lol [
(3.3.1) x = o, =| |u, =
x[1] 0 1

Ta davdopota g, u; eivor povadtaio kot kébeta peta&h tovg (opbokavovikd) Kot

anoteAobv pia opboxavovikn Bacon. Ioyvovy Tpopavdg ol oxécels:

(3.3.2) uoT ‘u, :ulT ‘u, =1 ko uOT ‘u, :ulT ‘u, =0
(3.3.3) x[0] = uOTx ko x[1] =u1Tx
[Mopatnpeiote Tov cuoyetiopnd tov oxécewv (1.4), (2.3).
(3.3.4) x=u, -x[0]+u, -x[1]=u, -(uOTx) +u, ~(u1Tx)
[Mapanpeiote 10V cuoyeTIGUO TV oYéoewv (3.2.1), (3.3.4).

Toa u, ko u, £xovv Tpés Tov d[n] ko d[n-1] avrictoryo Kot ®G Yv®GTOV 16)dEL N

oyxéon
(3.3.5)x[n] = fx[k] -d[n-k]=93[n]x[0]+ d[n-1]x[1]

nopatnpovue TV opotdtnTa TV oxéccwv (3.3.5), (3.3.4) ko (3.2.1).
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g,[0] | &,[0] , , ,
Av g, = , &= Cevyog opbBokavovik®v  dlavuGuaTmV Kol
goll] g [1]

G= [go g, ] , Bo 1ovovY 01 oyéoelc:

(33.6)g," ‘g, =g g =lxu g, -g =g -g =0

01 TPoPoAég Tov X 6°anTd Ba divovial WG EcMTEPIKE YIVOUEVH OO TIG GYECELS:

T x[0] N
(33.7)¢, =g, x= [g,[0] g‘)[l]{x[l]} =g,[0]-x[0]+ g, [1]-x[1] = Zgo[n] -X[n]

T x[0] 'S
(33.8) ¢, =g, x=[g,[0] gl[l]{x[l]} = g,[0]-x[0]+g,[1]-x[1]= D g,[n]-x[n]

MMapatnpeiote v oporotTnTe TOV 6)éccmv (3.3.7) ko (3.3.8) pe 11 (3.2.6). ko 0TL

Kataiyouv otig (3.2.8) kat (3.2,9). I'evikd av k=0..N-1 ko1 n = 0..N-1, Ba 1oy0et 611
N-1
(3.3.9) ¢, = _g,[n]-x[n]
n=0

Co .
, LOYVEL OT1

Me Bdaon ta tapamdve ov C = [
c
1

(3.3.100C=G" -x
To {ntovpuevo Tdpa gival va vroloyishel o x av givar yvwotoi ot wivakeg G kot C.
Av vmdpyet o mivakac G (avtiotpogog Tov G) T0TE

(3.3.11) x=(G")"'C

Eneon 1 Paon givar opOBokavovikn woydvovv ot (3.3.2) apa

T T T 1 0
(3.3.12) G“G{gﬁ}[go g1]=[g°Tg° g“f‘}[ }:1:
g gig, gg | (01

(3.3.13) G=(G")'=
(33.14) x=G-C=>

3.3.15) 1| |_ _[et01], [elo1]_[eogol01+eg,10]
( ){xm} 2 g‘{cl} 8o T8 C“{go[l] T g e+ agm |

N-1

(3.3.16) X[0] = ¢,g,[0]+ ¢,,[0] = Y ¢, g, [0] ket

(33.17) X[l =c g, [l +c,g =Y c,g,01]

k=0
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O oyéoerg (3.3.16) ko (3.3.17) givan ideg pe Tig (3.2.11) ko (3.2.12). X1ig
npateg odnynOkape amwd v (3.3.13) evd oTIC deVTEPES UMO TOV KOVOVE TOL
moapoAIAoypappov, Kou oTig 000 mEPTOOCES OpeS PacieOnikope otnv
opBokavovikdTNTO TOV dLEVVCRATOV TS Bdonc.

I'evikd av n=0..N-1 ka1 k = 0..N-1, Oa 1oy0et

N-1
(3.3.18) x[n] = ch g, [n] dnradn éva avémtuyua tov x[n] og celpd TV gy[n]
k=0

Ta napamdve wyvovy Yo orotecdnmote THES Tov N kot 1 oxéon (3.3.9)

Cx = Z_:gk[n] -x[n]

vroAoyilel T TPoPorég (CLUVTEAESTEG OVOTTOYUATOG GEPAG) TOV  SLOKPLTOV GNHOTOC
(axorovBiog) oto cHotua cuvietaypévov mov opilel o mivakag G, evd mn oyéon

(3.3.18)

x[n] =Y c,g, [n]

dtvet T1g Tipés x[n] Tov onpartoc.
Mo mapdderypa yioo N=3 ta avoouato

1 1 1 1 1

1 V201
go:[ﬁ ﬁ ﬁ], gF[ﬁ _ﬁ]’ gf[ﬁ —ﬁ %]
arotelovv pio opbBoxavovikn Bdon kot to onua x=[1, 3, 2] tpofdaiietal ¢’ avtd pe
npoPorég mov divouv ot GUVTEAESTEG C, =23 , c, =-2/2, C, =-J6/2. I'a
n=0,1,2
x[n]= 2+/3g,[n] -2 /2g,[n] -6 /2g,[n]

To mponyovueva opbokavovika davdcpata tpoAbav Bétoviag N=3 o115 oyéoelg

(3.3.19)g,(n)= % g (n)= \/% cos(%k@n +1))y1a k=1..N-1 ko1 n=0,..,N-1

0mOTE MPOEKLY AV Ol THES TOV 8o g1, 82 ATO TIG GYEGELS
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(3.3.20) g, (n) = % g, (n) = \/gcos(% (2n+1)), g, (n) = \Ecos(gﬁn +1))

3.4 O dwukprtég petaoynpuoticpnog cvvnurrévov (DCT: Discrete

Cosine Transform)

1 2 T
H ; 3.3.19 =—, n)=./—cos(—k(2n+1))yiux k=1..N-1 ko
oxéon (3.3.19) g,(n) N gi(n)= | cos kC@n+D)y

n=0,..,N-1 givon évag mopnvag (kernel) dnuiovpyiog opBoKAVOVIKOV SLOVOGUATOV Yo
k@Oe Tiun Tov N. T'evikd av ta g divovtarl and v (2.19) ot cuvtedeoTtég ck Yo Eval
daxprd onpa x[n] (dniadn ot TpoPoréG TOL X 6T Bk) TPOKVITOVY UE AVTIKATAGTOON
TV gk ano v (3.3.19) ot (3.3.9) and ™ oyéon:
1 & 2 T
(3.4.1) c, =E;x[n], C, = \/;nz(;cos(ﬁk‘QnJrl))-x[n] vy k=1..N-1

H oyéon (3.4.1) amotelel Tov LovoSIAGTATO SLOKPITO UETAGYNUOTIGULO GLUVIUITOVOL
(1D-DCT: Discrete Cosine Transform). Ot tuég x[n] (dnAadn to X) TPOKOTTOLV UE

avtikatdotaon Tov gk arnd T1¢ (3.3.19) ot (3.3.18) oduemva pe t oyéon

(3.4.2)x[n] = j"ﬁ + %Eck -cos(%k(Zn +1))

H oyxéon (3.4.2) omotelel tOov avtioTPOQO OOKPITO UETACYNUATIGUO TOL
GLVT|LLTOVOV.

Y10 Xyx.3.4.1 deiyvovron Ta avoopota Bdong tov DCT yia N=8.

ITAPAAEII'MATA

1) INa Tapdderypo yio N=3 ta avoouato
1 1 1 1 1 1
g=l= &= =l g=[= 0 ——=1, &=+
B R BV NG ) V27T e
mponABav amd TG GYECELS

go(n) = L, g, (n) = \/%cos(%kﬂn +1))y1a k=1..N-1 xon n=0,..,N-1

N
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omotelobv pia opbokavovikh Baon ko to ofpo x=[1, 3, 2]" TpoPdrieTon 6° avTd e
poPorég mov O6ivouv Ol GLVTEAECTEG ¢, =23 , € =2/ 2, ¢, =-J6/2. I'a
n=0,1,2

x[n]= 2+3g,[n] —~/2/2g,[n] —/6 /2g, [n]

2) T x=[1, 3, 2, -1]" Ty N=4 kot y1o n=0,1,2,3 10 avdopato faong sivar:

1
go[n]=§ 'H  g=[0.50, 0.50, 0.50, 0.50]"

2 T , T
n]=.|=cos(——@2n+1)) 'H g=[0.65, 0.27,-0.27,-0.65
g,[n] N (2N( ) g1=( ]
1
gz(n)zacos(%2-(2n+l)) ‘H  -[0.50,-0.50, 0.50,-0.50]"

1
g3(n):5cos(%3-(2n+l)) H  g:=0.27,-0.65. 0.65,-0.27]"

Ot cuvteheoTéc i elval Ta oToryEio TOL Tivako

0.50 050 050 0.50 1 2.5

C-GT 0.65 027 -027 -0.65] 2 1.58
= X = . =

0.50 -0.50 050 -0.50] 3 -25

027 -065 065 -027| (-1 |-0.11

01 OLVTEAEDTEG C TtpokVOTTTOLVY Opota kot amd Tic (3.1.1) To onua avaktdror ond Tic
oyéoelg (3.1.2) | and tov mivaxo

0.50 0.65 0.50  0.27 2.5 1

0.50 027 -=0.50 -0.65 1.58 2
x=G-C= . —
0.50 -0.27 0.50 0.65 -25 3

0.50 -0.65 -050 -027]||-0.11| (-1

Y10 Xy.3.4.2 detyvovion o aviopata Bdong tov DCT yo N=4, ot cuvtereotég ck
tov DCT 1ov onpatog x=[1, 3, 2, -1] kot 1 avdAvcn TOV OTIS TEGCCEPIS CLUVIGTAGES

ckgxk. Kabe tyun tov x[n] eivon x[n]=2,5go[n]+ 1,58¢g;[n]-2,5g>[n]-0,11g;3[n] .
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Discrete Cosine Transform Base for N=8

04— 0s
03
k=0 0.2 k=1 0 FP\[\\L
17
% 50 100 150 055 &0 100 180
0s 0s 7
it
k=3 0 )\ /( k=3 0 \\ Jﬂ \}
s 1 ' Y
177 VAR
N / \
25 &0 100 150 055 50 100 150
05 - 05 -
4 T
k=4 . \ / | ) k=5 gl R / \
| / \l lf’ | {,’ VY ‘\I
05 =0 100 150 03 50 100 150
0.5 7 05 ; .
y {
LA THET
k=5 . N ,II WSS T T
VT i o
ar l y V! | }J[ I\ | f
VYR o
05 / 5L : :
D 50 100 150 0 50 100 180
Yymua 3.4.1

Ap.X. ZtpovbBoémovrog, e-mail: strch@teiser.gr

38




4 T
2 L
. x=[1, 3, 2,
A ! ! IR ! ! L !
00 2 23 0 % a0 0 & %
4 T DB
) i
A ———— 06t
0 r 1 B gi[n] ) i I R
: | 2,5-gi[n] i
A ! ! IR ! ! L ! ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
00 2 23 0 % a0 0 & % DD m o W 40 0 m W om W
4 T 1
. 05 T ——
- — — —
i SO T~
0 — n
: - _“'h-——-é) gZ[ ] 0 Ri"‘l____ J
: ] Q5+ Te—
4 ! L ! ! [ | 1’58g2[n] -
00 2 23 £ % 60 0 & 9 _10 0 2 3 40 0 80 0 @ 90
4 . 054 ‘
e
2 . 1 i \\ ~
D ,»"’(f ‘“ﬁ)\H \\ P
- o g[n] -
& 1 05 ~ .
4 I I ] I I I I I I -Z’ng[n] 1 ! ! ! ! ! ! ! ! !
I, | Y O | O | O 0 10 20 30 40 A& & 70 &0 €@
1 T 1 —
05 N
1 /,/T “
0 & 0
) g3[n] nsl ~ 'J// \l_
N L - e
4 | | | | | | | | | = 1 1 1 1 1 1 1 1 1 1
N 0 10 20 €0 40 & € 70 & %@
0,11-g3[n]
Yymua 3.4.2.
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3.4.1 O 01601006T0TOG (2A) SLOKPLTOS HETAUGYNUOTIGHOS GUVI|ILTOVOV
(2D-DCT: Discrete Cosine Transform)

Mo dwkpitd onuato dvo dctdoewv pe unkn Nj, N, 1o avocpoata Baong vy

H1:0,..,N1-1, IlzZO,..,Nz-l, k1=O,..,N1-1, k2=0,..,N2-1 siva:
GALD g (n,n) =g, (n) g, (n,)

(3.2.1) gklkz(nlanz) = gkl(nl)'gkz(nz)

.Y

8o (ny,n,) = ———,
0o 515 NN,

k,(2 1
1 2 OS7:2(n2+)

n,,n = -C )
gokz( 1 2) \/Nil N2 ( 2N2 )

2 nk , (2n, +1) 2 nk,(2n, +1)
n,n,)=_|— cos - - COS
gklkz( »1,) N, ( 2N, ) N, ( N, )

['a éva deddotato dakprtd onua x[ng,nz] pe unkn Ni, Nz, ot Tpoforég tov ota

naponave opbokavovikd avoouato Baong eivat:

N,-IN, -1

ﬁ%?x[nl’nz]

N ik (2n +1)

K, ZZX[HI,HZ] cos(———

2 n,=0n,=0 2

(3.4.1.2)cy =

)

2 e nk,(2n, +1
Cyo = ZZx[nl,nz] cos ((—)
N1N2 n,=0n,=0 1

)

N ik (2n +1) nk,(2n, +1)

c x[n;,n,]-cos(—— ) cos(—_——)
kk, — N N2 HZZ‘,O; 1>t 2N,

vy ki, ko #0.
Ot mopamave GYECES amoTEAOVV TOV d160140T0TO (2A) O10KPITO HETACYNUATIGUO
ocuvnuutovov (2D-DCT: Discrete Cosine Transform). To ofua x[nj,n;] ovaxtdrot
CUUP®VA LLE TN OYEON:

N, -IN, -1

(3.4.1.3) x[n,n, ] = ZZ K, Sk, [0, ]

n,=0n,=0
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7oV givat 0 avTioTPoPog 516016.6TaTog (2A) SLoKPITOC HETAGYNUATIGHOG CUVILTOVOV.
Metaoynuaticpoi twv omoiwv mn PBaon kavomoiei v (3.4.1.1) Aéyovron
S MPICIHOL KOl Ol VTOAOYIGHOL TOVG UTOopovV va avoayfodv e LTOAOYIGUOVE TV

LLOVOSIACTOTOV EKQPPAGEDY TOVC.

3.5 Epunveio Kot vIo0A0yIoHol HETUGYNUATIORLAV UIYEOIKOV GT|IULATOV

OLaKPLTOV YPOVOVL.

Ag e€etdloovpe TOPA AV TO TOAPATAVE® UTOPOVV VO EPAPUOCHOVY KOl GE ULyodIKd
drokptd onpata TeEmEPAcUEVOL ukove. H dtovocpatikng meptypapr| T€Tolmv onudtov
yiveton pe mivakeg oTHANG mov T oTotyela Tovg givor pryadikot apiBpoi. Ot oyéoelg
OV KATOANEAUE GTNV TEPITTMOT TOV TPAYLUATIK®OV CTUATOV TENEPAGUEVOL PnKovg N
(xeRY) eivar amotéheopo oL yeyovdtog 6Tl avaldoape to ofpo ot pia Péon
opBokavoviKav O01vuGHAT®V, dlavUGUAT®OV dNAadT Tov £xovv HETPO (GO ME TNV
povada kat eivar peta&d tovg kabeta. I1pog tovto ypnoywonomoape (oyéoelg (2.2))
mv mpéén X'y v x,yeR" . Av 6pec exppdoovpe Tov myddo 1+ mov éyxel pétpo

1 1
V2 og SVOGLOTIKY) LOPON {}, n Tpaén [l _]]|: } =0 kot Oy 2 6mwg Oa Enpene.
J J

Enedn yw to pétpo evdg piydda z=atbj woyvet 0Tt |z|2 =a’+b’>=Z-z, n mpdln

a
x' -x=a2+b2, pe x ={ )
bj

} dtvel o emBountd amotédecpa. To 1610 1oyvEL Kot e TOV
VIOAOYIGUO TNG TPOPOANG TOL SLVOCUOTOC EVOG UIYAO0 OTO S1VUGHL €VOG GAAOV.
Edv telikd yio0 évor pryadikd diivoopa X pe N pyaducée Tipég (x € CY) opicovpe g
TETPAYyOVO  TOL PETPOL TV TocOTTO X - X efacpaiilovpue 0Tl owth  eivon
TPAYLOTIKOG opfuds. Avo pryadikd dwavdopota (mivakeg oTHANG) go, giléyovtan

opBopovadiaio av

(35.1)8; g, =8 ‘g =1xug g-=8 g=0

Yt ypopukhy dhyeBpa 0 ovlvyfc evog wyaducod mivaka A, ypheetar A Kot
arotedeiton amd ta cvluyn otoyeio tov A. O avdotpopog Tov culvyovg tov A,
dnhadh 0 AT, Aéyston avactpopoovlvyic Tov A | A Eputiavog kat ypagpeton A
Yvvenmg 1 (4.1) yphoeton

(352) g g, =g g =lku g -g =¢g' g =0
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Av

(3.5.3) G=[go, gi. ... gn-1] mivakag opBopovadiaiov dtavocpdtov tote 0
g0
gH

(3.5.4) G" =| ' |xou1oyver 611

Exai

(3.5.5) G"G=I 6pa

(3.5.6) G"=G!

Axpig O kot oty mepinTtmon TV ophokavovik®v PBdcewv éva UIyadtko
divoopa x € CY pmopei va mpoPpindei oe opOopovadiaio pyadiké Stavicpato g €
C", k=0,..N-1 pe pryoducéc ev yéver mpoPorés ¢ (cke C). Me Béon tovg mopamive
Oplopovc kol mpdEelg OmMMG OVTEG MOV  OKOAOVONGCOLE OTNV TEPIMTMOOYN TOV
TPAYLOTIKOV SLOVUCUATOV 1GYVOVV Ol GYEGELC:

(3.5.7)c, =g/'x
Co

(3.5.8)C = =G".x ko x=G-C (Moym ¢ (3.5.6))

Cna

(3.59)¢, = Y.g,[n]-x[n]

N-1

(3.5.10) x[n] = z c, g, [n], <NAadn éva avéntuyua tov X[n] o€ cepd Twv gy [n]
k=0

O gppitiavog evog mivako TPoyHaTIKGOV aplOpdV eivat 0 avaGTPOPOg TO,
OULVETAOG Ol GYECELG TOV KATOANEOLE Y10l TOL TPOYLOATIKG S1oVOGHOTO, VoL E10TKES

TEPUTTAOGELS TV GYEGEMV TOL 1GYVOLV Y10l T LYOOTKAL.
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KE®AAAIO 4

O petraoynuotiopnoc Fourier

4.1 Evocayoyn

. Onwg mpoavapépdnke o petacynuaticpog Fourier etvan Oepeliddove onpaciog otnv
avdAvon TV ONUATOV Kol T®V CLCTNUATOV GLVEXOLG 1| Olokpitng oveEdptntng
uetafintig. Méow ovtoh TePlodIKEG CUVOPTNOELS Kol OKOAOLBiEG avaAvoviol Ge
afpoicpata Opmv Tov KaBEvag ToVg EKPPALel pio apLOVIKT TOAGVTMOOT). TO KEQAANLO
avtd Oa avoaeepbovpe oto Stakpitd petaoynuoaticpud Fourier (Discrete Fourier
Transform, DFT), v dwkputy oepd Fourier (Discrete Fourier Seiries, DFS), tov
uetaoynuoticpd Fourier dtakpitov gpdvov (Discrete Time Fourier Transform, DTFT)
Kol Tov avtiotpoo petacynuoatiopd Fourier. Ot opiopot, ot 1016t1eg, o1 HETAED TOVG
OYE0EIS KOl OYEGELS TOV HE TO GUVEAIKTIKA abpoiouato amoteAoOv mpobimdbeon yio

TNV KATOVONGN TNG YPNONG TOL GTNV AVAALGN TOV CTUATOV KOl TOV GUGTNHATOV.

4.2 O dwkprtog petaoynuatiopdg Fourier-N onpeiov.

"Evag muprvag mopaymyng opbopovadiainy Stovocpdtov ivat o TOmog

ECT | r

(4.2.1) gk[n]=Le N = W bmov W =e N

NREN

H Baon eivor opBopovadiaioc d0tt 1oydovv ot oxéoelg (3.5.1) Omwg deiyveton

aKOAOVOMC
1] e 1 ffe 13N
(4.2.2) H' = —C N = =
R I RO
“ZN(k—m)
-1 1 —jz—nmn 1 jﬁkn lN_l jz—n(k—m)n l—eJN
(4.2.3) ﬁ =Y —e N —e N =—}»¢eN =—— =0y
N N S ) e
k#m
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Am6 116 (3.5.9) ko (3.5.10) TpOKVOTTOVY 01 GUVTEAEGTES KOL TO OVATTUYLO GE GEPA
eVOG TEMEPAGUEVOL UNKovg N o1IaTog X

N-1 ”

(424)c, = %Z " x[n]

(4.2.5) x[n] = Zc e Fkn
H oyéon (4.2.4) amotelel Tov povadiaio (unitary) dwakpird petacynpaticpd Fourier
(Discrete Time Fourier Transform 1) DFT) N-onueiov kot n (4.2.5) v avtictoyn
oElpda.
Av Béocovpe C, =c, JN GTIG TAPUTAVE® GYEGELS TPOKVTTOVV Ol GYEGELG
e R N2,
(42.6) C,=>e V' -x[n]f X(k)=De V¥ -xn]
n=0 n=0

147b1,

(4.2.7) x[n] = Zc e = %Nzl)((k)-e’;

Omov avti tov tov cvpPforopod C; ypnotponoteiton o X(k). H oyéon (4.2.6)

omoterel Tov dwakprd uetacynuoticwd Fourier (Discrete Fourier Transform 1 DFT)

N-onueiov ko 1 (4.2.7) v dwxpurr) oepd Fourier (Discrete Fourier Series) evog

JLKPITOL GNUOTOG.
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ITAPAAEII'MATA:
I[a to onuo x=[1,3,2] , N=3, n=0,1,2, k=0,1,2, ta opBopovadwaio dravocuata

Baong etvau:

27“040
e
E
Wy = 623 =1
e70-2 1
EXE |
e’ 1 1
L 2{1'1 B 2m, . 2m | | 1 \/5
w,=|¢e =|cos(—)+jsin(—) |=|—=+]—
2 3 3 2
3 dn. .. 4
© cos(—n)+ Jsm(—n) 1 jﬂ
- 4L 3 31 L2 "2
w07 | |
e; 1 1 A
2l 4n 4 1 3
wi=|e3 |=|cos(—)+jsin(—)|=|-—=—j—
5=\ (3) ] (3) 5715
3
© cosCE) 4 jsinChy | |1, jﬁ
- - L 3 370 L 2 "2
1, 1, 1
13 1 4B
e e R )
1 A3 1. 43
L === =+
L 2 2 2 2 ]
17 17 1
1 .+/3 1 .43
W=, ———j—, —-— J£
2 2 2 2
13 1 4B
Lo+ -
L 2 2 2 2

13 19 1 1 6

1 3 1 B2 3 43
, ——+j— ———j= 4
I 2 2 T2 2]
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Ot 1pég Tov onfpatog avaktovvtor and Tig Teeg ¢k Tov DFT oto mivaka

19 19 1 6 1
U VPO YRS SR B WS N SVE N
3 2 2 2 2 2 2
1 3143 3| L2
L, === -+l | |—5+l—+
L 2 2 2 2 1L 2
2n 2n 2n 2n
I j=—=nk j—km —jkn , H s
Enedn e ¥ =e N wxowe™ =e N oav m=N-n, ot mivakeg W kau W' givan

CUUUETPIKOL MG TTPOG TNV dydVIo Kot To n+1 ototyelo (oG ypoppng 1oovTot e TO

ovluyég Tov N-n+1 otoryeiov g 1d10¢ Ypappng 6tav avTd LIAPYEL KOl MG EK TOVTOL

01 VTTOAOYIGHOL ETITAYVVOVTAL.

4.3 O peraoynpotiopdg Fourier ovakpitov ypovov

2
H nocomrta o, = Fnk, k=0..N-1, ovopdletar KukMkn cvyvotnto kot moipvel N

Stakpttéc Tpég omd 0 g (2n(N-1)/N). T onuato pn TETEPACUEVOL HNKOVS TO

N > ookt N petafinm) ox oviwkedictator amd v petofinm o €[0,2x]. O

Metaoynuatiopndc Fourier dwoxprzov ypovov (Discrete Time Fourier Transform 1

DTEFT) opileton amd tn oyxéon:

(4.3.1) ¥(w) = X(e’) = ie-fw" - x[n]

I"oa va vroAoytotovv ot Tirég x[n] and v (4.3.1) evepyovpe wg akoAoVdms:

[oAhamhactalovpe kot o dHo péhn g (45) pe e’

(43.2) " X(e™) =" > e - x[n]=

n=—00

(4.3.3) "X(e™) = Y eMe " -x[n]= > ™™™ -x[n]

n=-o0 n=-0o0

OAOKANPOVOLLE MG TPOG M OO -1 £OC T T LEAN TG 1ooTNnToG (4.3.3)

@34) Jer X o= [ Fe xinkio =x[n] 3, Jer*do

_pgh=—0 n=-o _g

oV m=n

(4.3.5) jfej‘”(m“’doo = Teodwfdw =2n
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oV m#n

(4.3.6)
]Eej(u(m—n)dm: | ejm(m—n) _ ejn(m—n) _ e,jn(mfn) _
= _|j(m-n) j(m-n)
cos((m - n)m) + jsin((m - n)m) — cos(-(m - mm) - jsin(-(m-n)wr) —1+0+1-0 _
Jm-n) j(m-n)

apan (4.3.4) yiveton

4.3.7) jr‘ej‘”“X(ej‘” Ydo =271 -x[n] =

(4.3.8) x[n] = ifefw"X(e-/w Ydo

H oyéon avt anotelel tov Avtictpopo Metaoynuatiopdg Fourier dtakpttov ypdvou.

INa va opileton o DTFT evog ofjuatog eivor mpo@avég 0Tl TPEMEL TO Z|x[n]| va

OLYKAIVEL. AVTO 0ev ovuPaivel Yoo GNUOTO PN TETEPACUEVOL UNKOVS TOL givoat
TEPLOOIKA KOl ¢ €K TOVTOL dev vrdpyetl yu avtd DTFT. Av X[n] meplodikd diakpitd
onua pe Tpetevovca mepiodo N oyvet OtL
(4.3.9) X[n]=X[n+AN]
Av x[n] memepacpévon unKovg onua N,
(4.3.10) x[n]=X[n](u[n]—u[n —N]) to1¢
(4.3.11) X[n] = x[nmod N]
6mov (n mod N) 1o vrréAouTo g daipeong Tov n pe 1o N. Ioyvel Tpopavdg dtL
(4.3.12) n= NA+ (n mod N) kot 0 < (n mod N) < N-1 6mov A to Aniiko g
dwaipeong tov n pe 1o N.
o 1o x[n] mov eivan memepaocpuévov pnkovg vmapyet o DFT kor n DFS mov
dtvovtat amod tic oyéoelg (4.2.6) ko (4.2.7)
Emedn x[n]= X[n] yia n=0,..,N-1 1 (4.2.6) ypdpetot
Nl 2
(43.13) C, =X(k)=Y e ¥ -X[n]
n=0

Kot omoterel TV dakpirh) oepd Fourier (DES) tov X[n]. And tig (4.3.11) ko (4.2.7)

TPOKVTTEL OTL
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N T (nmod N) N-I Te(n— xN) LI UIN
X[n]=x[nmodN]= ZC eJN %ZC J N

k=0

18 e 1 & ped
(43.14) X[n]=—>.Cie V' | X[n]=—> X(k)-e ¥
Nk:O Nk:O

7oL amotelel Tov drakpird petacynuatiopd Fourier (DFT) tov X[n].

Apa Y10 To TEPLOOTKE O1KPLTE CTIUATO YPT|CULOTOLOVLE TOV SLOKPLTO UETUCYNUATIOUO
Fourier (DFT) kot v dwokprrn oepd Fourier DFS.

2OUQoVE LE TO TOPOTAVE YL Vo JlaKpltd onuo x(n) memepoacuévov punkovg N
opiletan ko vapyet o FT ko 0 DFT-N detrypdtov copemva pe Tig GYECELS

X(”) = Zx(n) e/ —Zx(n) e’ , we(-m,r]

n=

27[

X (k) = Zx(n) e v

Ao T1g omoieg TPoKVTTEL OTL

(43.15) X(k) = X(e™) e K0, NE
N

Aniadn o DFT-N onueiov tov x(n), mpoxvdmtel amd v OetypatoAnyio g
KUKAMKNG ovyvotntog o tov FT tov x(n) pe detypota mov améyovv dtadoyikd LeTosy
tovg amootaon 2a/N. Av avEfcovpe to pnkog N mpocsbétovtag undevikég Tiég oto
téh0g Tov X(n), 0 FT dev Ba aAddEet Bo avéndel dpmg o TANB0C TV dElYHATOV TOV

DFT-N onueiov (Zy.4.3.1).
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=TT I:I m

Symua 4.3.1. Awdypappo tadtoug tov FT{cos(2nn/8)} kot
ot DFT-N onpeiov yio N=8 ka1t N=16
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4.3.1 Id101eC TOV petacynuoticpov Fourier dtakpttov ypdvov.

Amo podnuatikng omodyemg vmapyovv 1wwwreg tov FT mov Ponbovdv otov
VIOAOYIGUO ALTOV KOl TOV OVTIGTPOPOL TOL KOOMDG Kol 6TV TEPETaip® drodikacio

avdALoNG TV CNUATOV Kol TOV GUGTNUATOV.

IMeprodikotnra
O DTFT eivon meprodikdg g mpog @ pe mepiodo 27. Ioyber oniadf n oxfon
(431) X(ejw) - X(ej(w+2;r))

Xvppetpio
O DTFD mapovoialet kdmowa idn cvppetpiog ovarloyo pe To dtokpttd onjua. Ta

€101 avtd cvppeTpiag avaypdeovrol 6to akdAovdo mivoka 4.3.1.1.

x(n) X (e-’ “ )
[Mpaypotikn Kot aptio [Mpaypotikn Kou aptio
[Tpoaypotikn Kot Tepitt DovTaoTIKN Kot TEPLTTY
dovraoTtikn Kot apTia davtaocTikn Kot ApTio
DdovtaoTikn Kot TeEPITT [Mpaypoatikn Kou aptio

[Tivaxag 4.3.1.1

Ipappikotyra

DTFT

(4.3.1.2) a-xl(n)+b-x2(n)<:>a~X1(ej"”)+b-X2(ej"”)

IowotnTa g Metatomong

DTFT

(4.3.1.3) x(n —n0)<:> e M ~X(ej'”’)

AVTIGTPOQ1] GTO YPOVO

DTFT

(4.3.1.4) x(=n) e X(e7)
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Awpéponon

DTFT

(43.1.5) e/ - x(n) e X (/)

DTFT 1

(4316 xln)eosn @, &> X(ere)1 % x(ere)

To Oedpnpa g XovéMeng

DTFT

(4.3.1.7) h(n)* x(n) = H(e™ ) X(e7°)

To Osmpnpo tov IloArarracrocpov

DTFT

(4318) )y [" x(er”) ¥le/ag

To Os®pnpa Tov Parseval

(4.3.1.9) ) [

5 X(ej""}zda)

Ot mapoamdveo 1010TNTES aVvaypAPOVTOL GLVOTTTIKA 6ToV TTivoka 4.3.1.2

IowtnTa AkolovOia Mewc:s)mu aTion 0 FOURIER
LOKPLTOV Ypovov
I'pappkdmra a-x(n)+b-y(n) a~X(e-"“’)+b . y(ej-w)
Metotomion 670 (povo x(n-n,) e i, X(e-/"”)
AVTIGTPOQT| GTO YPOVO x(— n) X(e—f'f‘))
Awpopenan "™ - x(n) X (ej (w_w()))
2uvéMEn 610 Ypdvo x(n)* y(n) X(ef‘w ) Y(ef‘w )
Mryadikn cvluyio x"(n) X* (e‘j"”)
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Hapa*yd)ytcn n- x(l’l) ] dX(e/'ru
TToMamh, ' U7 o (-
ol X(;cgtvoz)cuog oTo *(n)- y(n) EL; X(e 9 ) Y(ef( e)), d9

[Tivaxog 4.3.1.2

MHMoapdocrypa 4.3.1 O DTFT 1tng axoAovbiog
x,(n)=a" -u(n) |a| <1

sivon

0

PRI s
n=0

n=0
Me ypfion yeoUETPIK®OV TPodO®wV, TO dBpoioua avtd givol

1
l-—a-e-
Me v mpodmofeon ot |af<1. [Tapdpoa, yia tnv akorovbio

Xl(e""“’):

J@

x,(n)=—-a" -u(-n-1) |a|>l

o DTFT givon

0 -1
Jjo | _ —jno _ n —jno
Xz(e )— Exz(n)-e = Ea e
n=-—o

nh=—x

AAGLovTag Ta Opila Tov aBfpoicuatog, EYovLe

Ngb
1N
|
Q
~
S
~—
]
+
—

n=1 n=0

Av glvan |a>1, o dBpotopa sivar

Emopévac, ot akohovdieg x,(n)=a" u(n) xon x,(n)
DTFT

Y10 mivaxa 4.3.1.3 mapovcidletar o DTFT pepicdv facikdv akorovdumy

AxkolovOia MST‘MX'W‘"‘GI}OG lf‘OURIER
olaKpLTov ypovov
5(n) 1
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o (n —-n, ) e /e
1 2 7r~5(a))
o/ 2-7-5(0—w,)
a" -u(n), a|<l ! .
l—a-e”
1
—a" -u(-n-1), 1 ‘
a" -u(-n-1) a|> =
n 1
(n+1).a u(n), a|<l (l_a,e‘J"(”)z

cosna,

78w+ w,)+7-50-n,)

[Tivaxoc 4.3.1.3
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4.4 Yyéon TG 6LVVEMENG NE TO PHETUCYNUUTIONO KUL TOV OLOKPLTO
petaoympoticpd Fourier
Av X(n)xor y(n)meprodikég axolovbieg pe ido mpwtevovca mepiodo N, n

TEPLOOIKT aLVELEH TOVG YPAPETOL Kot 0pileTal cOUPOVA LE TNV akOA0LOT GYéon:
N-1
(4.4.1) F®F}(n) 1 X(M)®@F(n)= Y X(k)-Y(n—k)
k=0
Mmropovpue va ypdyovpe axoun ot
(4.4.2) X(n) =x(n(mod)4), y(n) = y(n(mod)4),
ue
(4.4.3) x(n) = X(n)[u(n) —u(n—N)], y(n) = y(m[u(n) —u(n-N)],
onNpaTo TETEPACUEVOL UnKoug N.

Ao 11¢ (4.4.1) xou (4.4.2) mpokdmTel OTL
(44.4) T ®F(n)= Y (k) F(n—k) =Y, x(k)- y(n ~ k)mod)N)

Ag&16 pépog g (4.4.4) ovopdletonr KuKAMKN GLVEMEN 000 CNUATOV TETEPACUEVOL
unkovg N kot ypaeeton

(4.4.5) x(n) © y(n)= 2 x(k)- y((n—k)mod)N)={x ® y}(n)

AplOuntikd n mepodikny ovvéMEN  vmoloyiletor OmmG @aivetar oto aKOAovbo

TOPAOEY IO
‘Eocto
N |...|4|-3[-2]-1]0]1]|2]3
y(n) | ...|3 {0 |4 |2 [3|0]|4]|2
X(n) |...]4 |2 |1 |3 ]|4]2]|1]3

ue Tpmtevovsa tepiodo N=4

K |...[-]-]-T-To]1]2]3
413]2]1
y(k) 3lof4[2]3]0[4]2
x(k) 4(2]1|3[4[2]1|3 X®7)(n)
N=| (k) 3[2(4f0]3]2]4]0]...| | F®F}(0)=43+22+14+3-0
0 20
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N=|y(1-k)y|..[o[3][2]4|0[3|2]4]...| | Z®FI()=

1 4-0+2-3+1-2+3-4=20
N=| 5Q2-k)|..[4[0]3]2/4]|0[3]|2]...| | Z®7}(2)=

2 4-4+2-0+1-3+3-2=25
N=|53-k)|..[2]4]0]3|2]4]0[3]...| | ZF®FI(3)=

3 4:242-4+1-0+3-3=25

21N YPOLUOCKIUGUEVT TEPLOYN TOV TVAKA PAivOVTOL Ol TIUEG TOV XPNGLULOTOLOVVTOL

Y. TOV VTOAOYIGMO TNG KUKAMKNG  oLvEMENG  x(n) © y(n)Kor TG TEPLOOIKNG
owvEMENG X(n) ® Y (n).
H ypappikr cvovémén kot o DTFT 600 onudtmv cuvodovtal pe v oxéon:
FT . .
(4.4.6) x(n)* y(n)<>X(e’”)-Y(e’”)

omov X (e’?),Y(e’”) ot petacynuotiopoi Fourier tmv x(n) kon y(n)

AmodeEn
Sy xy(n)-e ™ = Y (k) yn—k)- e =Y Y x(k) y(n—k)-e " =
n=-® n=-00 k=—o0 k=—00 n=—c0

0 0 ) ) 0 ) © . m=n—k . .
Zx(k)-Zy(n —k)-e /R eIk = Z x(k)-e ™. Zy(n—k)-e_’”’("_k) = X(’”)-Y(e’)

k=—0 n=—oo k=—o0 n=—o0

H meprodwn ocvvélén koar o DFT dvo meplodikdv onudtov cuvoéovtal pe v
oyxéon:
DFT

(4.4.7) X(n)® ¥(n) & X (k)-Y (k)

omov X (k),Y (k) ot Stakprroi perasynuatiopot (DFT) tov ¥(n) ko J(n)
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Amooeln

x(n)®y(n)lg2(2x(m) y(n-— m)} —Zx(m) Zy(n m)-e I

n=0 \ m=0 m=0 n=0

N1 N-1 2 ik 2k N 27 k(n —m) I=n—m
Zx(m)-Zy(n—m)-e N o.e N e N :Zx(m) e N Z)’(” m)-e =
m=0 n=0 m=0

7z
N-1-m k(

X(k) Zy(l) e h :)?(k) ( Z”;}(Z) . + iy(l)'eijU)Jz

i(k)-[fy(!)-e’g""H SNy N"“”V’J:

X(k)- {_Z"ﬁv(o e Ny Zya) e N Jz)?(k)-(zy(l)-e_j‘“kl]z)?(k)-?(k)

H xokhkn cvvélén kot o DFT 600 onuatwv tenepacpévov unkovg N cuvdéovrat

He v oyéon:

DFT-N

(44.8) x(n)© y(n) < X(k)-Y(k)
omov X (k),Y (k) ot dwaxprroi petacynuoticpoi (DFT-N derypdrov) tov x(r) kot y(n).
H oyéon avt mpokdmtel amod tic (4.4.2) ko (4.4.5)

‘Eoto x(n) onua memepoacuévov upnkovg N; pe DFT X(k) xor y(n) onquo
nenepacuévon pnkovg N, IlpocsBétovtag oto téhog tov x(n) mAN00g No-1 undevikav
TIOV Kot 610 (1) mAN0og Ni-1 undevikav Tiudv mpokdmtovy dVo véa oot x,(n)
Kot yy(n) memepacuévov pfkovg Ni+ Nr-1. H dwdwasio avt ovopdletar zero
padding. Ebxoho pmopovpe vo dovpe pe KAmowo tuyoio mopddstypo oAAL Kol va

amodei&ovpe OTL YeEVIKAL:

(4.4.9) x(n) * y(n) = x,(n)© y,(n)

INo mapdderypo av x=[2 4 1 -1 y=[1 3 2], t6te x,=[2 4 1 -1 0], y,=[1 3200 O].

214 (1 ]-1]xp 214(11-110]0|x0p
1 2 110(0|0 (2|3] 2
301 10 3(1/0]0 (0]2] 10
21311 17 213(110 (0|0 17
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Me Béon ta mapamdve, av X,(k) ko Y,(k) oo DFT tov x,(n) kot y,(n x(n) avtictorya

Ba 1oyvet Ot
DFT-N

(4.4.10) x(n)* y(n)=x,(M)O yy(n <> X (k)-Y, (k)=

(44.11) x(n) * y(n) DZ;N X, (k)-Y,(k)
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KE®AAAIO 5

Av3Avon oNUATOV KOl GUGTIULATOV UE TOV

netooynuotiopo Fourier

5.1 Ewoayoyn

O petaoynuotiopdg Fourier (DTFT kor DFT) elvar onuovitikdétatog yo v
aviivon TV onudtov Kol Tov ovotnudtov. Ot cuyvotnteg TV apPHOVIKOV
TOAOVTOGE®MY ( CLYVOTIKO TEPIEYOUEVO) TTOV EVLTAPYOVV GE £VOL CNUO EVPICKOVTOL
uéow tov FT. H enidpaom evog GUGTANOTOS GTO GLYVOTIKO TEPLEYOUEVO TOV GTLLATOG
€16000v, avaivetat emiong pécsm tov FT kot tpocdiopiletal To cuyvoTiKd TepleyoUevo
Tov onuatog ££000v. O oyedcpdc cvonuatwv (eidtpa) pe embountn enidpaon

Baciletan otov FT.

5.2 Amokpion cvoyvotnTog

Ag Bewprioovpe €vo chotnuo YPOUUIKO OveEAPTNTO amd TN HETATOTION e
amoOKPIoN KPOLoTIKNG oéyepong A(n). H é€odog tov yio omorodnmote €icodo x(n) Ba
gtvon

y(my=x(n)*h(n)

SOpeva e To Bedpnuo TG CLVEAENG 1oYVEL OTL
DTFT
h(n)* x(n)@H(ej"”)-X(ej"")
omov H(¢”)=DTFT{ h(n)}. H H(Z”) ovopdletar andkpion ocvyvétnrac Tov
ocvotnuatog kol kabopiler v emidpaon tov cvotiuatog oto DTFT tov onuartog
€10000v. Me dAlo Adyl 1 amdkpion cvyvotntog kabopiler v emidpacn Tov

GLOTALOTOG GTO GLYVOTIKO TEPLEXOUEVO TOV ONuatog €166d0v. H H(“) maipvet
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yadikég TS Kot g K TOVTOV Uropel va ypagel pe to mAdtog | H(e®)| kat tn géon
™mg ¢(w) ohppva pe m oxéon
H(&)=| H(&)-¢ "
H pedém g amdxpiong ocuyvomntog agopd TOV VLTOAOYIGUO KOl T YPOQIKN
TAPACTOCT] TOV TAATOVG KOl TNG PAoN TS Zuyva pehetdtol Kol kaBvatépnon oucoos
(group delay) t(®w) mov opileTon mg

dr(w)

TP

Otav n @bon ¢(w) eival po ypoppk] cuvapmnon tov @, T cOoTNUO AEyEToL

GOGTNHO YPOUUKNG PACTC.

Mapdderypa 5.2.1
‘Eoto to ovotua y(n)= 0.5-x(n-1)+x(n)+0.5:x(n+1), vo vroroyis0ovv 10 TAATOG Kot

QAo TG OmOKPLONS GLUYVOTNTAG KO VO YIVOUV O YPAPIKES TOVS TOPACTAGELS.

y[n]=+%-x[n—1]+x[n]+%-x[n+1]:>

h[n]= +%-5[n—1]+5[n]+%5[n+1] =

H(ej"”)z e

1
2
1 . .
:1+5(cosa)+]-s1na)+cosa)—j-s1na))=

=l+cosw

‘H(e’"‘") =1+cosw

- 8 m

H ypagikr TTapdoTaon Tou TTAGTOUG |H(ejW)| TNG ATTOKPIONG CUXVOTNTAG
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To cvotua givar éva Katwdofato 1 yapuniorepatd eidtpo.

[Mopaderypa 5.2.2
‘Eoto 10 ovotpa y(n)= 0.5-x(n-1))+0.5-x(n-2), vo. vmoroyicBodv 10 TAGTOC Kot pdon

™G amOKPIONS GLYVOTNTAG KO VO YIVOUV OL YPAPIKES TOVS TOPOUCTAGELC.

hn] =+%~5[n—1]+%5[n—2] -

. 1 . 1 . 1 ,ij:w —jw ,l.j:a, @ 73_/.(4,
Hle’)==-e/+=e?"=—.e? -(e2 +e? )=cos(—)e? =
() =5re 45 e )= cos(2)
3 10 3 dg¢ 3
H\e’” | =cos(—), 0)=——0, (0)=——=—
e | =cosD), pla)=- (@)=——"=2

210 axoiovho oynua eoivovTon To S1oyPEUIATO TAATOVS KOl pACTS TS OTOKPIoNG

GLYVOTNTOG TOV GUGTYULATOG.

- b L o = o w IS

‘H(e’"‘”} = cos(%) Hw) = —%a)

To ocvomua etvar ypappikig edone. H mapdywyog tov eivar otabepdg aptOuoc
oLven®G M kaBvoTEPN oM Opddag oL delyvel TNV KaBvotépnon (oe mAN00g detypdTmv)

oV LEIGTATOL TO G E16OO0V amd TO cvoTNPA gival 1 dwa Yo kKABE TN TOL W.

Mapddcrypa 5.2.3 Ocwpovpe 1o LTI cOotpa pe Kpovotikn andkpion

h(n)=a" -u(n)

oMoV a, £vag Tpayuatikds aptduog pe |o|<l. H amdkpion cuyvotntog eivar
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n=—ow n=0
0
o\ 1
=Z(a.ejw) = —j o
—r l—a-e”’

To tetpdrywvo Tov TAETOVG TNG ATOKPIGNG GLYVOTNTOGS Efvor

1 1 1

,/w

e =)

l—a-e l—-a-e’° 1+a’>-2-a-cosw

Kol M edomn elvat

4 H,(e""") ., —a-sinw

Pl =t = A s e

Téhog, n xaBvotépnon opddag vmoAoyiletar mopaymyilovtog TV GLVAPTNOTN TNG
@aong. To amotéleoua eivan

a’—a-cosw
() ;
l1+a”-2-a-cosw

5.2.1 ®iktpo eMAOYNS GLYVOTNTOV

Avaroya pe TV HETOPOAT| TOV TAATOVS TNG ATOKPIGTG GLYVOTNTAG GE GYECT LE TNV
oLYVOTNTO TA GLOCTHHATO dLoKPivOVTOL 0TI akOAOVOEG Katnyopieg:

Xounlomepard (Low pass): To mAATOC €xel peydAeg TG Yoo YOUNAES TIUEG TNG
oLYVOTNTOG KOl MIKPES TWWMEG Y. LYNAEG TWEC TNG ovuyvotTNTOG. XNV 100VIKN

nepintwon 10 TAdTog ™S amdkpiong cuyvotntag petafdiletor dmwg oto Xy.5.2.1

[H(E)]

VS

Yyqua 5.2.1: Idavikd Xapniornepotd @idtpo (Low-Pass)

. : 61
Ap.X. ZtpovBomoviog, e-mail: strch@teiser.gr




Yynmepora (High pass): To mAGtog €xel peydleg TWES Yoo LVYNAES TIHES TNG
CLUYVOTNTOG KoL LUKPEG TWEG Yoo YOUNAEG TWWEG NG OLYVOTNTOG. TNV 1OAVIKN

TEPIMTOON TO TAATOG TNG ATOKPIONG GLYVOTNTOS LETARAALETON OTT(G 6TO Xy.5.2.2.
[H()

41

‘78

Pyua 5.2.2: Idavikd Yynmepatd @iktpo (High-Pass)

Zowvorepato. (Band pass): To mAatog &xetl peydreg Tnég o€ pio LoV TILAOV TG
oLYVOTNTOG KO LKPEG TYES EKTOC TNG {DVNG VTG, TNV 100VIKT TEPITTMOT TO

TAATOG TNG amOKPLOTG CLYVOTNTAG LETAPAAAETAL OGS 6TO Xy.5.2.3.

[H()|

41

‘78

Zyua 5.2.3: Idavikd Zovorepatd @iktpo (Band-Pass)

Zowvogppoxtiko, (Band stop): To mAdtog éxet pkpég TéS oe pion {ovn TV TG
CLYVOTNTOG KO LEYAAES TIUEG EKTOG TNG COVNG QVTNG. TNV 10AVIKN TEPITTOGT TO

TAUTOG TNG OOKPLOTG CLYVOTNTOG HETAPAAAETAL OIS 6TO Xy.5.2.4.
[H()

-1

VS
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Zyqua 5.2.4: Idavikd Zovoepaktikd Diktpo (Band-Stop)

5.3 Avaivon g derypotoinyiog

O petaoynuoatiopdg Fourier kot 1 meplodikdOTNTO TOV MUITOVOEW®V OlOKPITOV
ONUAT®V 00MNYOVV GE ONUOVIIKG CULUTEPACUATO YO TNV OEIYUATOANYIO TV
OVOAOYIKOV onuatev. o EEKWVAGOLUE TNV TOPOLGIOCT, TNG OVOALONG TNG
detypotonyiog e mapovsicon TV YUPAKTNPIGTIKOV TOV MNULITOVOEDV O0KPLTOV
onudtov. 'Eva dtakpitd nuitovoetdéc onpa etvat e Hopeng

x(n)=A-cos(w-n+0) (5.3.1)
6mov A 10 MAATOG, 8 M EAcN Kol ® 1 KUKAMKY cuyvotntd tov. Emedn n ave&dptn

petafint) eivar éva axépotog apBpog mov amoaplduel TG SO IKEG TWEG TMV
delyudTmV 1 KUKAKT cuyvotnTo LeTpLéTan o€ axtivia avd dgiypa (radians per sample).
H woxAik] cuyvotto 6ta MHITovVoEdn CNUATO GLVEXOVS UETOPANTAG UETPLETOL OE
aKTIVIL 0vA OEVTEPOLENTO EMEWON OPYIKE TO. CMUOTA OVTA OPOPOVCOV OPLOVIKEG
TAAVIMGELS OOV 1] GLVEXNG UETAPANTH €lvar 0 ypdvoc. AvticTorya 1 TocOTNTA f TTOL
Kavomotel T oyéon

w="24f, (5.3.2)

f= % (53.3)
amotelel TNV oLYVOTNTA TOL SLOKPLTOV TUITOVOEWOOVS GNUATOG KOl UETPETOL GE
KOKAovg ava detypa (circles per sample). And t1g oxéoelg (5.3.1) ko (5.3.2) mpokvmtet
on

x(n)=A4-cosQr- f-n+06) (5.3.4)

Ta nutovoedn onpata x,(1)=A-cos(Q2-t+6) cuveyovg xpOvov He KUKAIKY cuyvotnTo
Q (rad/sec) givar meplodikd pe mepiodo T=21/Q (sec), ovyvotnra F=1/T (sec’ 1 Hz) .
To epdTNUO €lvor av Ko TOTE T SLOKPLTA UITOVOELDT onuata eival Teptodikd.. TIpog
T00T0 av N 1 TPOTELOVGA TEPTIOOOG TPEMEL VAL 1GYVLOLV 01 AKOAOVOOS GYETELS:

x(n)=x(n+N (5.3.5)

x(n)=A-cosx- f-n+60+2kr), k aképaiog (5.3.6)

x(n+N)=A-cosQr-f-(n+N)+60)=A-cosr-f-n+60+2x-f-N)(5.3.7)

Apa n meprodikdra eEacpariletar ov
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27r~f~N:2k-7r<:>f:% (5.3.8)

dradn fva eivor pntdc aptdpog.
H npotedovca mepiodog N givarl Betikdg axépatog TpmTog Tpog tov k, (dnradn dev
&yovv Kowvovg olapéteg). o mapdoetypa av A=1, =0 axtivia, f=1/8 kbdkiot ava

detypa n KukAkn cvyvomta elvon w=n/4 aktivia ové detypo kot n mepiodog N=8
x(n) = cos(% 1)

210 Xx.5.3.1 poaivovion ot TIéS TV 1, f KOl @ GTOV TPLYMVOUETPIKO KOKAO KOl TO
onua x(n). Av A=1 ko 6=0 axtivia, f=9/8 kbdxkhot avd deiypo n KuKAKT cvyvotnta
etvar 0=97/4 axtivia avd delypa Kot  Tpotevovoa mepiodog N=8,

8T+

xX"(n) = cos(%r 1) = cos( 1) = cos(27 + % 1) = x(n)

[Tapamnpodpue 6Tt av Kot ot TIEG TS GLYVOTNTAG Elval SUPOPETIKES TOL GYLLATO ETvaL
toa. ['evikd av x(n)=cos(wy'n) pe KUKAKN cuyvotnTa W)

—T<w,<rx (5.3.9)
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Xymua 5.3.1
Kd@0e Srakpitd onpa x (n)=cos(w:n) pe KLUKAMKN cuyvoOTNTO
w=wgt+2kr (5.3.10)

omov k axéparog, givar ico pe 1o x(n). [a 11g cvyvotteg fy Ko f Ba 1oyvovy o1

OYECELG

=%
Jo=7.
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[ 2B TRk (53.12)

< f, < (5.3.13)

2ovendc OA0 TO OLOKPLTE NUTOVOEWDT CUATO LTOPOVV VO TEPLYPAPOVV UE THEG TNG
ovyvottag fy oto ddotnua [-%2,%] (avtioctorya TG KLUKAKNG cuyvoTTaG W) GTO
dtomuo [-m,w] ). Kabe murovoedng axolovbio x'(n) pe ovyvotro f €KtdOG TOL
drotnuotog avtod (| f1> 72, | © | > ) eivon idwa pe kbmowa axolovbia x(n) mov €xet
ovyvotnta €viog oL daotnuotoc [-72,72]. H okolovbio x'(n) Oa ovopdleton
wevoovoun (alias) g x(n) kot 10 @owvouevo avtd wevdwvouio (aliasing). Ta
dwotpata [-Y4,%], [-m, ] Aéyovtanr Oeuclicodn SacTipaTo TG CLYVOTNTAS KoL TG
KUKAKNG GUYVOTNTOG TOV OUKPLITOV NHTOVOEW OV onuatwv avtictolya. H cuyvotnta
™G wevddvoung dapépet amd v cvuyvotnta fy Katd axépoto apBuod (oxéon 5.3.12)
, H ouyvémmra ® g yeudmvoung oagépel and v ouxvotnta My KOTG oKEPULO
molanAdotlo tov 27 (oxéon 5.3.10).

O mo cvvnONg TPOTOG HETATPOTNG EVOG AVOAOYIKOD GNUOTOG GE SLOKPLTO €lval 1
meplodikny M opowdpopen dstypotoinyio. Aopfdvovtor dsiypoto tov GNUOTOS GE
drdoykés Tipég g aveEdptnng petafAnme. H andotacn 600 dadoyikdv Tiudv
etvan otabepn kot ovopdleton ddotnpa derypotoinyioc. Av n ave&dptntn petafAnt
elvai o ypovog ¢, 10 ddotnua detypatoinyiog 7 petpiéton og devteporenta (sec). To

mAnboc tov detypdtwv oe €va devtepdAiemto Afyetar puBudc M cuyvotnTa

detypatoAnyiog
F, :L, TS:L (5.3.14)
T k

Kol petpiétal o€ oelypato avd devteporento (samples per second). Av 10 cuveXEC
onpa gtvar UIToVoEdég e KukAKN cuyvotra Q2 rad/sec, mepiodo T sec, cuyvotnta F

sec”! (Hz) xat diveran omd tv oyéon
x,(t)=A-cos(Q-t+0)= 4 -cos(z?”t-i- 9} =A-cos(27-F-t+6) (5.3.15)

oo TNV TEPLOOIKN derypaToAnyio Tov TPOKHTTEL I akolovbia x(7) GOUP®VA LE TNV

oxéon

N

x(n)=x,(T, -n)=A-cos(Q-T. -n+0)= A-cos[27z§n + 9] (5.3.16)
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H ocvyvomrta tov x(n) elvan

F
= (5.3.17)

Apa n ovuyxvOTTO TOV GLVEYOVG TOV AVAKTATOL EfvOrt
F=f-F, (5.3.18)
Eneion n foaviketl oto dbotnpa [-/2, 2 | mpénet

1

L.l 35@2.|F|3|FS| (5.3.19)

-——<—=<-
2°F 2

F

Av 10 cuvveyéc oNHa NTOV TO

y,(6)=A-cos2z-(F+k-F,)-t+80) (5.3.20)
LEe cuyvoTtnTo

F'=F+kF (5.3.21)

amd TV detypatoAnyio tov pe puiuod Fy Oa mpokvyetl To d1aKPLTd GNHa

J’(n)=ya(Ts'n)=A-cos(27z-%-n+9j:A-cos(27z-(F+Tk'F;)-n+t9J:
s

N

(5.3.22)
A-cos(27z-§-n+27r-k+9]n :A-cos[27r-§-n+9j:x(n)

Apa To oLUVEX ONUOTO Xg(2) KOU Vu(?) MPETA Omd TNV MOPATAVE OEYUATOANYIN
TaploTavovTol amd v 01 akolovbio x(n). To yeyovdg avtd opeileton 6to OTL 1M
oLYVOTNTO TOV Ol0KPLTOY ONUOTOG V(1) elval WYevddVLUn NG GLYVOTNTAG TOL
dtokprtov onpotog x(n). pdypatt n cuyvotnta f~ tov ofpatog y(n) 16oHToL Pe

F+k-F F
P D I 5.3.23
f - e f ( )

IMa va pn gtvon dvvat) n yevdovopio kot va propet va avoktnel pe povadikd tpdmo
T0 apyIKO cuveyEg onpa TPEmeL va 1oyvel N oxéon (5.3.19) [ov yio Betikég Tipeg twv
GLYVOTNTOV YPAPETOL

F>2-F (5.3.24)

Aoxnon
"Eocto 1o cuveyéc onpa x,(t)=cos(100x-t)
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A) Na Bpebet ) eddytotn Tl TG GLYVOTNTOS SEIYUOTOANWING MOTE v Amo@evyDel 1
yeLd®VLAL.

B) Av o pvBuog derypatoinyiog sivon 200 Hz, moio 10 dtaxpitd onua mov Oa
TPOKLYEL,

I') Av o pvOuodg derypatonyiag eivar 75 Hz, mo10 10 d1akpttd ofjpa mov 0o mpokhyet;
A) Tlow n Ty g oLVYVOTNTOG EVOC GLVEYOVS GNLOTOG GLVNITOVOL TTOVL ETE Oomd
omoTN OEYHOTOANYia Oivel S1OKPITO ONUA 1010 LE OVTO TOV TPOKVTTEL GTO EPMTN LN
I.

Amavtioelg

A) F=100r/2r = 50 Hz, dpa n ehdyom tun g ovyvotntag ostypotoinyiog eivat
F=100 Hz (detypata / devtepOAenTO).

B) x(n) = cos(27z%n) = cos(% n)

50 2z
I') x(n)=cos(2r—n) =cos(—n
) x(n) ( =5 ) ( 3 )
A)  H ovyvétta tov dokpitod onpatog x(n) tov epotuatog I eivon ~2/3=-1/3+1
KOl ©G €K ToUTOL efvor yevdovopn g f, = % < % Apa m ovyvomnta F 1tov

{nrovdpuevov avaroyikov oHaTog tkavorotel ) oyxéon F/75=1/3 dpa F=25Hz.

‘Eva onpa cuveyobg petafAntge opiopévo og éva dtdotnpa [o,p] eival dvvatov va
avamopootafel «koAd» pe v avdivon Fourier ®¢ dBpowcuo  oppOVIKGOV

TOAOVTOGE®MY COLPOVA [LE TN GYEN
K
x,()=D A4, -cosQr-F, -1 +6,) (5.3.25)
k=0

H oeéhun minpoeopio tov onpatog eivar duvatdv vo @épetal ot TAAT A, TIG

ocvyvotnteg Fi M 116 edoelg Ok Ev todtotg, av F,, = max(F,) yw vo amo@OyovUE TO

QOWOLEVO TNG WELdWVLUIOG KOTA TNV OelyuatoAnyion Tov X,(2), mpeénel o puOudg
detypatoAnyiog va givar TovAdyotov 2-Fnax. H mocdtta avty ovopdletor puOpog
Nyquist copBoAiletor Fy kot 1oy0cel

Fy=2Fuax. (5.3.26)
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To Osopyua t™s octyuaroinyios. Av 1 PeYOADTEPT ATOAVTOG GLYVOTNTO TOL
TEPLEYETOL GE EVA AVAAOYIKO ONUOL X,4(2) €lvol Finax=B Kot To oo OtypatoAnTTeiTon
pe puopd F> 2-Fiax =2°B, 101€ 10 X,4(?) pmopel va avakatackevactel emakpiPac and
T0l SelypoTd TOL pe xpNom TG GLVAPTNONG TAPEUPOANG

2(t) = sin(2z- B -t)

5.3.27
27-B-t ( )

2OUQ@VO LLE TN GYEON

X, (1) = i@ x(%) : g(t - %j (5.3.28)
Aoxnon

‘Eotow 10 avoroywd onua x.(1)=2-cos(50rt)+sin(200r-t)-5-cos(70xt), mOOC O
pvOuog Nyquist Fy;

F/=25 Hz, F>,=100 Hz, F5=35 Hz

Finax=100 Hz pa Fy= 200 Hz

Hopatipnon: Av 10 onuo sin(200xt) OderypoatoAnminbel pe  ocvyvotta
detypatonyiog Fy= Fy, 10 Ookptd ofua givol sin(mn)=0 Kol ¢ €K TOLTOVL OgV
pumopel va avaktnOei 1o apyikd ocvveyés onua. ‘Evag tpdémog va vmepPfodpe To

TpoPunpa avtd givar o puOudg derypatoinyiog va stvon Fi> F.
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KE®AAAIO 6

O Metaoymuotiopnog Z

6.1 Ewcayoyn

O petaoynuaticpdg Z (Z-Transform: ZT) omotelel €va ypnowo padnuotikd
gpyareio yio TV avaALON TOV SOKPLITAOV GNUATOV KOl GUGTNHATOV Kot anoTeAel yio
avtd 6Tt o petacynuoaticpds Laplace yw to ofpota Kot GOGTNUHO  GLVEXOVG
petofinte. H ypnon tov omv emilvon ypoppikov eE1l0OGEOV  SOPOPOV  UE
otafepovg ovvtereotég Ponbdd otV AVAALGN CLOTNUATOV 7OV TEPLYPAPOVTOL
avadpopikd. O vroOAOYoHOG TG omdkplong kot o EAEYXOC NG €VOTABEG TV
YPOLULK®V aVeEEAPTNTOV Ao TN UETATOMION GLGTNUATOV givar duvatdv emitevydel pe

mv xpnon tov ZT.
6.2 Opropdg Tov PETACYNRATIGNOV Z

O petaoymuatiopog Z pag okoAovdiog x(n) opiletar Ko ypdeetonr o¢ okoAoHOwG:

x(n)(Z—T>X(z) , X(2)= ix(n)-z_” ,zeC (6.2.1)

Ot Tég ToV TG HYadIKNG HETAANTAG Z Yo TIG omoieg cuyKAivel To ABpoiGHa TOL
petaoynuotiopod ovopdleton meproyn ovykilong N IX (Region Of Convergence 1
ROC).

Av 0écovpe z =re' , 1=z
> x(n)-(r-€’*)" =Y x(n)-r™" e =DTFT{x(n)-r™"} (6.2.2)
Kot av Oécovpe z =e'”

X(z)

e = ix(n)-(e-””)"’ = ix(n)-e’f’”” =DTFT{x(n)} = X(e’*) (6.2.3)

n=-o
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6.2.1 I510TNTES TOV PHETUCYNUATIONOV Z

Ioyvovv ot axdrovbec 1010t 1Eg TOLV ZT oL PonBovV GTOV VITOAOYIGUO AVTOL KO
TOV AVTIGTPOPOL TOV KABMG Kol GTNV TEPETAP® d1adKacior AVAAVONG TOV CNUATOV

KOl TOV GUGTUATOV.

Iow6tnTa TG peTaTOTIONG

x(n - n0)<_) z7" X (z) (6.2.1.1)

AvT16TPOQ1] GTO YPOVO

x(n)o x(z ") (6.2.1.2)

IMolhomhoocroopég pe ekOeTIKG 0pO

a" x(n)ey X(a - z) (6.2.13)
" . x(n) > X(e7 ) (6.2.1.4)

To Ocdpnpa g cvvéMEng

y(n) = x(n)* h(n)> X (e - 2) (6.2.1.5)

Muyadwn) ovluyia

x (n)o X (") (6.2.1.6)
X(E)=x"(z") (6.2.1.7)
Hapaywyog
n-x(n) o 2 X E) (6.2.1.8)
dz
Ozdpnpo apkic TIPS
x(0) = lim X (z) (6.2.1.9)

Z—>®0
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X(z) = x(0)+ x(l)- z7 + x(2)- 272 4.,

Ot mapomdveo 1010t TES avaypapovtal cuvorTikd otov [iv. 6.2.1

Io10tnTEg TOV METaoynuoTIopo Z

(6.2.1.10)

IowtnTa AxkoiovBia Meraoynuoatiopoc z | Ilgproyn cvykhong
pappikotta a- x(n) +b- y(n) a- X(Z) +b- Y(z) Hepgyer R, N R,
Mertatomion x(n - no) z"X (Z) R,
AVTIGTPOOT| 6TO x(— n) X (z“ ) 1
XPOVO R,
TToAAOMAAGLOGUOG [E a-x(n) X (a - -z) |- R,
exfetikn axolovBian
2uvéMén x(n) * y(n) X (z) Y(2) Hepigyer R, N R,
Muyadikn cvluyia x*(n) X (z) R,
[Mapdywyog n- x(n) . dX (z) R,
dz

[Tivaxagc 6.2.1

7o [Tw. 6.2.2. mapovoidletatl o ZT pepikdv Bactk®v okolovOumv

Axolovbia Metaoymuaticog [Teproyn ovyKMong
1) (n) 1 Oeg ot tipég tov Z
1
a" -u(n) —a 2| >|d
1
_an.u(—n—l) e |Z|<|a|
-1
a-z
n-a"-u(n) ( Y 2| >d
l-a-z )
, a -z
~n-a" u(-n-1) (asf 7] <a
1-(cosm,) -z
cos(n-cao)-u(n) 1—2-(cosa) )-z’l g |z| >1
0
. -l
sin(n- @, )- u(n) 1—2-((21)11520));‘1 = |2[>1
0
[Tivaxog 6.2.2
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KED®AAAIO 7

AvV(AADGT GUGTINHATOV NUE TOV HETACYNNUTICUO Z

7.1 Evoayoyn

Onwc avaeépOnke oe mponyovpevo kepdioto 1 €€odoc evog LTI cvotiuatog og
onmowdNTote €16000 x(n) pmopel va vwoAoyiofel amd v cvvEMEN (CUVEMKTIKO
dBpotopa) TG €16030V e TNV KPOLGTIKY| omdkpion A(n) Tov cuoTHUaTog. Me ¥prion

oV Be@PNUOTOG TNG GLVEMENG OTMG 1oYVEL Y10l TOV LETAGYNUATICUO Z 15 0EL 1| OO

y(n) :h(n)*x(n)i)Y(z) =H(z)-X(2) (7.1.1)
H ovvapton H(z) mov givan o petasynuotiopds Z mg A(n), ovopdleton oovaptyon
UETOPOPAS (System function) TOL CLOTHUOTOS. ATO TNV UEAETN TNG GLVAPTNONG
petapopdg evog LTI givar duvatov va xapoktnpieBel avtd wg tpog v artidtnta, TV
€VoTAfEln Kot GAAD YOPOKTNPIOTIKA TOL Kot vo peAetnfolv d1dpopot €1dikol TOTOL
LTI 6mwg ocvotiuato ypouuUlKng Kot EAAYIOTNG GAONG, OIATPO Kol KUKADUOTO
avadpaonc. AkOun, UE TOV UETACYNUATIOUO Z O1EVKOAVVETOL Kol BeATioTOTTOEITAL O

oXEO10GLOC EVOG GLUGTILOTOC.
7.2 Xovaptnon peTaQopag

2Opeova pe too Tpomyovpevo ov h(n) m kpovoTiky omdkpion evog LTI n
oLVAPTNOTN HETAPOPES TOV diveTon od TN oo

H(z)= ih(n}z_" (7.2.1)

Amd v oxéon 7.1.1 wpokdmTEL OTL 1| GLVAPTNOT HETOPOPE Pmopel va vVToAoyiohel

and TV oyéon
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H(z)= % (7.2.2)

INa mopdderypor m ovvdptnon petapopdc tov akdAovbov LTI ocvotiuatog
y(n)—2y(n—1)=x(n)—-3.5-x(n—-2), pmopet va Ppebel pe ypnon g 1O10TNTAG

petatomong tov ZT. aipvovtag tovg ZT g e&icmong Tov cLGTHHATOG EXOVUE OTL

) )
Y(2)-2-z" - Y(2)=X(2)-352z"-X(2)=> Y(2) = 1-35 Zl — H(Z)=13";Z1
X(z) 1-2-z7 1-2-z~
I'evikd ywo éva LTI cvomnpo mov meprypdoetot omd tn oxeon
A K
DB, y(n—2A)=)a, -x(n—k) (7.2.3)
A=0 k=0
1 cLvvApTNoT peTaPopds Ba elvar
K
Zak oz
H(z)= A=°— (7.2.4)
Zﬂz z™
A=0

Me avdivon o€ yvOpeEVO TapayOVI®V TOV TOAV®VOU®V 0plOUNnTY Kot TOPOVOLUGTY| 1

GLVAPTNOTN HETOPOPAS Elvar

ﬁ(l—pk 'Z_l)
H(z)= k;' (7.2.5)
H(l_pz 'Z_l)

OmoV P Kot py. ot pileg TV ToAV@VOU®OV AopuPovopuévng v’ Oy NG TOAAATAOTNTOG

TOVC. € o pnTi GLVAPTNON HETOPOPES, ONAad éva TNAIKO TOALOVOU®OV TNG
pryadikng petapintc z, ot pileg tov oapOunt| Ayovtar pNOEVIKA Kol TOL
TOPOVOLOGTH TOAOL. XT0 Hryadikd eminedo to undeviKd onpeudvovtot pe 10 cOUPOAO
«o» Kol o1 TOAot pe 10 cOUPoAo «x». H ebhpeon g kpovotikig amdkpiong evog LTI
GUOTAUOTOG OO TNV GCLVAPTNOYN UETOPOPAS Oomoltel amAd Tnv €0PECN  TOL

AVTIGTPOPOL HETOGYNUATIGHOD Z OVTYG.

7.3 "Eleyyog ¢ artiotnTog Kot g gvetddsiog LTI cvotipatog
Onwc avaeépOnke n kpovotikn amodkpion A(n) evoc aitiatod GLGTHUATOS Eival
axorovBia deglac mhgvpdc, onaadr A(n)=0 ywo n<0. Qg ex TOVTOL M CLVAPTNON

petapopds H(z) Ba dlvetar amd 1 oyéon
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H(z)= ih(n) -z

v z, € ROCTOte H(z)) = Zh(n)-zl"” GLYKALVEL Kot ‘h(n)-zl_l‘ <1 yw n>ng. Av z;
n=0

HLYadIKOG UE |zo>|z;| TOTE ‘h(n) . z;l‘ <1 xo H(z,) = Zh(n) -z," ovykAivel. Apa ot
n=0

mEPLOYN oVYKAMONG OvVIKEL TO PEPOG TOL UyadtkoD emmédov ov Ppioketal £E® amd
oV KOKAO mov opilel Vv meployn cHYKAMONG. ZOUTEPAGUO # TEPLOYH TOYKAIONS THS
oVVAPTHONG HETOPOPAS VOGS autiatod LTI cvotiuatog eivar 0An n mepLoyn tov uryooikoo
EMTEOOD ECO ATO TOV KOKAO TV ECWTEPIKDV 0PIV THG.

Ikavn ko avaykaio cuvonkn yo v BIBO gvotdfeio evdg cvuotiuatog sivat

S h(n)

Av Aouov éva cvotnua givor BIBO gvotabic tote mpémetl o povadioiog KOKAOG oviKel

i|h(n)| € R. Av [z]=1 tote |H(z)| =

< i|h(n)| €R.

oTn mePLOYN GLYKAONG. Avtiotpoga, av 0 povadloiog KOKAOG OVIKEL GTN TEPLOYN
ovykMong evog LTI cvomuartog tote avtd givar BIBO gvotabéc. Zovumépacpa, Evo
LTI ovotnuo eivar BIBO evatabis av kor uovo av n mepioyn oOYKALoNS s cOVOPTHONG
UETAPOPAS TEPILOYUPAVEL TOV LUOVOOI0I0 KDKAO.

Amd 10 mopamdve covayetol OTL ikavy kai avoykoio. ovvOnkn yio. va givar éva
odaTUo. AITIOTO Kot €00TAOES EIval 0L0L 01 TOAOL TOV Va. PPICKOVIOL OTO ECWTEPIKO TOD
novaoiiov xvkilov. 'Eva ovotquo mov eivor  oitotd Kot evotabég  Adyston
TPOYUOTOTOIOLUO TOTTHUA.

AV 0 TOPOVOLOGTNG TNG PNTNS GLVAPTNONG LETAPOPES etvar devtépov Pabiov ivar
duvatov va eléyEovpe av ot pileg tov (mOrol) givar evtog Tov povadiaiov KOKAOL
YOPIc va TIG VTOAOYIGOVLE, OKEMTOUEVOL OC aKoAoLOwe. I'pagovpe v cuvdptnon
HETOPOPEG £TGL MOTE TO TOAVADOVULO TOV TAPOVOUAGTN VoL Elvail

D(z)=1+a,-z" +a, -z

Pilec etvon o1 Tipég tov z yia tig omoieg D(z)=0, ot

z#0

=0z +a,-z+a, =0

D(z)=1+a,-z"' +a, -z
INo 1 pileg py, p2 TOL TPLOVOLOL GYVEL OTL P, - P, =,

H drakpivovsa tov tpiovipon f(z)=z> +a,-z+a, =0 givot
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A=a} —4a,
Av A<O0, tote T0 TpLUOVLLO £)YEL 60 pileg pi, p2 cLlVYEIC Pryadikég Kot 1oy vEL OTL
o1l = o3| = e -
I'o |,01|<1(:)|,01|2 <1c>|pl~p2|<1<:>|a2|<1<:>
-l<a, <1
Av A>0, t6te o1 dv0 pileg pi, p2 elvar TpayLOTIKES.
o -1<p,p, <l fD>0A f(-]) >0
l+a,+a, >0 xoul-a, +a, >0
Apa yua va Bpiokovtot ot pileg Tov TpLwVOIOL £VIOC TOV Hovadtaiov KOKAOL Tpémel va
TKOVOTIOLOVVTOL OL TPELG CYEGELS
-1<a,<1,1+a,+a, >0 xar 1-a, +a, >0
210 kapteclovo enimedo pe opiloviio G&ova Tig TWES TOL a; kol kGBeTo AEova Tig

TIWEG TOL 02, TO cVOTNUA glval Tpaypatomromaoo 6tav to onueio (o, a,) Ppioketon

0TO E6MTEPIKO TOV TPIy@vov evatabeiog OTmG avtd deiyvetal oto Xy.7.3.1

.

+1

AN
SRR

-1

Zymua 7.3.1
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KED®AAAIO 8

YLomoino1 cuoTNUdITOV S1aKPLTOV YPOVOV

8.1 Ewsayoyn

‘Eva LTI ocbotuo pmopel va meprypagel pe mepiocoOtEpovg amd éva tpdmo. o

TOPAOELY O TO GOGTI O
v(n)=a;ym-1)+byx(n)+b;x(n-1)
UTOPEL VO TEPLYPOPEL OO TIC OYECELG

w(n)= a;w(n-1)+x(n)
y(n)=byw(mn)+b;wn-1)

2y 0e0TEPN TMEPIMTMON TEPLYPAPNG TOL GLOTNHOTOC omonteiton pio pévo B€om
LVAUNG Yo TV amofnKevon g TG w(n-1) evd oty Tpdt amattodvion 600 BEoelg
Yoo TV oamobnkevon TtV TV x(n-1) ko y(n-1). H tpdmog meprypoaeng evog
ovoTNUOTOG emnNPedlel cLYVa TOV AMOUTOOUEVO YDOPO HVAUNG, TNV TOXLTNTO, TO
CQAOAL KPOVTIOHOV €VOC YNELoKOD GLGTILOTOG KOl MG €K TOVLTOV &ivar ovTiKeipeVo
HeAéTNG. X0 KeEPOAOO ovtd B moapovoiachel emiong o SypoppHATIKOS TPOTOG
TEPLYPOAPNG EVOG GLCTNHOTOC (WH@iokd dikTowuata) TOL VTOPoNOE TV KUKA®UATIKY

vAomoinom Kot cuyva TNV avdAvon Tov.
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8.2 Ynowka diktvopato

To ynouokd diktdopa eivar €va ypdonuo pe OOMKA otolyeio KAAOOLS Kot
KopPovg. Ot kAddor eivon BEAN pe pio glcodo kot pio €080 Kot Aertovpyovv ®g
1eheoTéG mMoALamAOGaopoy 1 KabBvotépnong. Ot kKAddot pmopodv va cuvoeholdv
neta&d Toug pe kOpPovg mov gival afpototéc N Stukladmtég. Ltovg képPpovg abpoiong
VIdpyovy VO KAGOOL APIENC KOl £vol OvVOYMPNONS, OTOLG KOUPBOLS SlakAGO®oNG
VIapyEL £vag KAGOOS piEng kot 600 avaympnonc. Xto Xy. 8.2.1 gaivovrol to dopKd
otoryelo €vOG YNEoKoD SIKTVMUOTOS OV TEPLYPAPEL TO CLGTNU Y (1)=a;y(n-

1)+byx(n)

x(n) —»@-——» >

L-e

KOUPOG dStakAGd®mONG
\ KAGdog kaBvoTépnong
Zympa 8.2.1

8.3 Ileprypagn cvotnpatmv FIR

INa éva FIR cbotua pe £€£080 y(n) Ko kpovoTikn amdkpion /(n) 16 00VV 01 GXECELS

y(n):iak -x(n—k) (8.3.1)
h(n) = ZN:ak -o(n—k)=a, (8.3.2)

Ao 11¢ 8.3.1 xou 8.3.2 mpokvmtel 6T

y(n) = h(k) x(n—k) (8.3.3)
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H ocvvapmnon petapopds H(z) Ba divetar amd t oyéon
N
H(z)=) h(n)-z™" (8.3.4)
n=0

To ynotaxd dSikTvmpa eVOg TETO0V GLGTHHOTOS Gaivetot 6To Xy.8.3.1.

Y

x(n)

Yymua 8.3.1.

O tpomoc avTdHS OAYEPPIKNG KO SLOYPOLIATIKNG TEPLYPOPNG TOV GUOCTNHOTOC AEYETOL
evBeia popen.

INo mapdoetypa 1o cvompa y(n)=2-x(n)+4-x(n-1)+3-x(n-2)+x(n-3) pe KpovoTiKn
anokplon  h(n)=2-0(n)+4-0(n-1)+3-0(n-2)+o(n-3) Kol CLVAPTNON  UETOPOPAS

H(z)=2+4-z"43-27+ 27 viomoeitar Saypoppoticd dnoc paivetat oto Zy. 8.3.2.

Z Z_ Z
x(n) > O 0 —O—>
o) 4 3 1
O > y(n)
ymua 8.3.2

Extog and v gvbeia popen éva FIR cvotnpa pmopet vo meprypagel pe obvoeon oe
oelpd  omiovotepov  (uikpotepne  téEng) FIR  ovomudtov. ITlpog  tovto
TOPAYOVTOTOLOVLLE TNV GLUVAPTNOT LETOPOPAS KO EKUETAAAEVOUACTE TNV CUVEAIKTIKT
KOl TPOGETAPIOTIKY 1010TNTA TOV HETOCYNUATIOHOD Z. O TpOTOg aTOG TEPLYPAPNS
TOV GLOTNUATOG A€yetal uopen kotoppaxty. Lo mapdderypo 10 cHOTNHUA

y(n)=2-x(n)+4-x(n-1)+3-x(n-2)+x(n-3) nov meprypdonke mo mave pe gvbeio popen
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€XeL oLVAPTNOT UETAUPOPAC H(z)=2+4-z’1 +377+ 27 . Av TOPOLYOVTOTOU|GOVLE TNV
H(z) woyvet

H(z)=2+4-7"43274 77=0+2-z1+2%)( 1+z7)

H(z)=H,(z)- H)(z)

h(n)=hi(n)«hz(n)

Apa 10 ocOotnuo amotereitoal amd 000 GUOTNUATO GLVOEDEUEVO OE GEPA UE

ocuvaptnoelg petapopds Hi(z), Hx(z) ko kpovotikésg amokpicelg hy(n)=2+2-0(n-
1)+0(n-2), hy(n)=I1+d(n-1) avtictowyo. H dwypapplotiky vAomoinomn tov cGueTUatog

¢eaivetal oto Xy.8.3.3.

\ 4 4
7! 7!
:2 D
Z_lv
ymua 8.3.3.

8.4 lleprypa@r] cvotnuatov IIR

"Eva svotpa IR mov neprypdpetar omd v e&icwon dtopopmdv
K A
y(m)=2 ag-x(n=k)=3 B, y(n-12) (84.1)
k=0 A=1

&xel ouvapTnon peTapopas H(z) mov divetar amd v oyéon

K
—k
Sz

H(z)=—t— =

1+> 8, -z (8.4.2)
Y@ _AG@)
X(z) B(2)
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Y(z)= ﬁ[A(z) - X(2)] (8.4.3)

1
1
B(z)

Y(z) = A(z){ X(z)} (8.4.4)

v oyéon (8.4.3) av W(z)=B(z)-X(z), t0 cvotnuo pumopel va meprypagel 6to medio

TOV XPOVOL OO TIC GYEGELS

w(n) = ZK:ak ‘x(n—k) (8.4.5)
y(n) =w(n) - Zﬂz y(n—=2) (8.4.6)

Me dwypappotiky vAomoinon Onmg ¢aivetor oto Xx.8.4.1. Avtdg o TpdmOC

neprypapng ovopdlovron evbeiog popeng tomoo 1.

x (n) a y (n)

Zympa 8.4.1
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Ymv oyéon (8.4.4) av W(z)=X(z)/A(z) , 10 cvotua pumopel vo meptypapel oto medio

TOV XPOVOL IO TIC GYECELS

w(n) =x(n)— ﬁﬂi -w(n—A) (8.4.7)
y(n) = iak ‘x(n—k) (8.4.8)

Me dwypappatikn viomoinomn oOnwg @aivetor oto Xy.8.4.2. Avtdg o TPOTOG

meprypaeng ovopalovron evbeiag popens tomoo I1.

X (n) - ~ w (n)
-1 -1
B1

y (n)
O

l Ba-1
Z - Z -1
Ba

Zynpo 8.4.2.

Ot povédeg kabvotépnong g w(n) utopovv vo EAattmBobv av ypnotporotnfovy

onmg eaivetal oto Xy.8.4.3.
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\ 4

O

Syiuo 8.4.3.

[Ma mopddetypo 1o cOGTNUO LE GLVAPTNON LETAPOPAS

3-2.z14 271

H(z)=
@ 142-z'-4.27245.273

[Teprypdpetor cOHPOVA LE TO TOPATAV® ©®G ENG:

Me gvbeia popoen tomov 1.
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y (n)
O
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x(n) 3 S S ,y(n)
Y 1 A vy !
2
>'2 D D <
7!
Z_l A )k -4 v
5
\ 4
Me gvbBeia poper| tomov I1.
x(n) 3 y(n)
| oy ]
\ 4 Z 1 A
z
g 2 < 2 o
-1 4
lr \ 4 z z'1
-4
5 \ 4
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x(n) . o .3
> » >
v
A Z-l
2 -2
AN - »

1
A-';
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y(n)
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